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A SURVEY OF STRUCTURAL DYNAMICS 

OF SOLID PROPELLANT ROCKET MOTORS:'; 

by J .  H .  Ba l t rukonis  

ABSTRACT 

From t h e  p o i n t  o f  view o f  dynamics, a s o l i d  p r o p e l l a n t  rocke t  motor. is an 
unique s t r u c t u r e  i n  t h a t  it is composed of a s u b s t a n t i a l  mass o f  p r o p e l l a n t  
material case-bonded t o  a r e l a t i v e l y  massless, thin-wal led c y l i n d e r .  The 
mechanical p r o p e r t i e s  of  t h e  p r o p e l l a n t  a r e  such t h a t  it c o n t r i b u t e s  l i t t l e  t o  
t h e  s t i f f n e s s  o f  t h e  compos i t e_s t ruc tu re  but  it does c o n t r i b u t e  t o  t h e  dynamic 
c h a r a c t e r i s t i c s  of  t h e  s t r u c t u r e  because o f  i ts mass. Furthermore,  due t o  t h e  
v i s c o e l a s t i c  c h a r a c t e r  o f  t h e  p r o p e l l a n t ,  it can be expected t o  provide con- 
s i d e r a b l e  damping t o  t h e  system. 
of des ign  o f  s o l i d  p r o p e l l a n t  rocke t  motors t h e r e  are no c l ea r - cu t  or w e l l -  
founded methods t o  q u a n t i t a t i v e l y  eva lua te  t h e  c o n t r i b u t i o n s  o f  t h e  p r o p e l l a n t  
t o  t h e  dynamic responses  of  t h e  composite s t r u c t u r e .  
such methods are devised ,  it w i l l  be d i f f i c u l t  t o  a r r i v e  a t  accu ra t e  missile 
des igns .  

A t  t h i s  p o i n t  i n  t h e  development of  t h e  a r t  

I t  is clear t h a t  un le s s  

I n  t h e  paper  a survey of  t h e  dynamic problems o f  s o l i d  p r o p e l l a n t  rocke t  
motors is presented  s t a r t i n g  from t h e  s imples t  model t he reo f  and proceeding,  
s tep-by-s tep ,  t o  t h e  cons ide ra t ion  of more s o p h i s t i c a t e d  and r e a l i s t i c  models. 
The cons ide ra t ion  is r e s t r i c t e d  t o  i n f i n i t e s i m a l  deformations o f  p r o p e l l a n t  
g r a i n s  w i t h  l i n e a r  mechanical p r o p e r t i e s .  
achieved towards t h e  s o l u t i o n  of many important dynamical problems. 
a t t empt  t o  summarize t h e  p e r t i n e n t  developments and i n d i c a t e  along which l i n e s  
w e  f ee l  f u t u r e  s tudy  should proceed. 
i n  areas wherein p rogres s  has  been s u b s t a n t i a l .  

S u b s t a n t i a l  p rogress  has  been 
We s h a l l  

A f e w  i l l u s t r a t i v e  s o l u t i o n s  are included 

$:An abbrev ia t ed  form o f  t h i s  paper  was presented  a t  t h e  I n t e r n a t i o n a l  
Conference on t h e  Mechanics and Chemistry of  S o l i d  P r o p e l l a n t s  he ld  a t  Purdue 
U n i v e r s i t y ,  La faye t t e ,  Ind iana  on Apr i l  19-21, 1965. 



INTRODUCTION 

S t r u c t u r a l  dynamics concerns t h e  a n a l y s i s ,  by t h e o r e t i c a l  and/or  expe r i -  
mental  means, of t h e  i n t e r a c t i o n s  o f  time-dependent l oads  and/or  deformations 
e x t e r n a l l y  appl ied  t o  a s t r u c t u r e  o r  s t r u c t u r a l  element and t h e  i n t e r n a l  
stress and displacement response wherein i n e r t i a l  effects must be inc luded  i n  
t h e  a n a l y s i s .  I t  is t h e  o b j e c t i v e  of t h i s  paper  t o  p re sen t  a survey of t h e  
f i e l d  o f  s t r u c t u r a l  dynamics of  s o l i d  p r o p e l l a n t  rocke t  motors,  t o  d i s c u s s  
those  a spec t s  of t h e  s u b j e c t  which are of  p a r t i c u l a r  i n t e r e s t  t o  t h e  au tho r  
and t o  recommend those  areas i n  which f u r t h e r  s tudy  should prove f r u i t f u l  and 
rewarding. I t  is no t  o u r  o b j e c t i v e  t o  p re sen t  a b i b l i o g r a p h i c a l  survey o f  t h e  
f i e l d  and, consequently,  many s p e c i f i c ,  i n d i v i d u a l  c o n t r i b u t i o n s  w i l l  probably 
be overlooked. There is no claim o f  uniqueness f o r  t h i s  survey o f  t h e  f i e l d  
no r  do w e  maintain t h a t  it is complete s i n c e  it is i n e v i t a b l e  t h a t  a s tudy  of 
t h i s  s o r t  w i l l  be b i a sed  t o  a l a r g e  e x t e n t  by t h e  l i m i t a t i o n s ,  i n t e r e s t s  and 
viewpoint of t h e  au tho r .  

The first l o g i c a l  s t e p  i n  a t a s k  of  t h i s  s o r t  is t o  d e l i m i t  t h e  f i e l d  
under cons ide ra t ion .  
of complete rocke t s  o r  missiles which may c o n s i s t  o f  s e v e r a l  s t a g e s .  I n s t e a d ,  
we s h a l l  l i m i t  o u r  concern t o  i n d i v i d u a l  s o l i d  p r o p e l l a n t  rocke t  motors;  i . e . ,  
cas ing  p l u s  p rope l l an t .  
ca s ing  such a s  rocke t  nozz le s ,  guidance and c o n t r o l  system assembl ies ,  e tc .  
I t  is  not  intended t o  imply t h a t  t h e  dynamics o f  complete r o c k e t s  is n o t  i m -  
p o r t a n t ,  but  r a t h e r  t h e  i n t e n t i o n  is t o  l i m i t  t h e  scope of  t h i s  p re sen ta t ion .  

I n  g e n e r a l ,  w e  s h a l l  no t  be i n t e r e s t e d  i n  t h e  dynamics 

We s h a l l  no t  be i n t e r e s t e d  i n  any a t tachments  t o  t h e  

A s o l i d  p r o p e l l a n t  rocke t  motor is an unusual ly  complicated s t r u c t u r e ,  
a t  l eas t  from t h e  s tandpoin t  of  a n a l y s i s  t h e r e o f .  
c i r c u l a r  c y l i n d r i c a l  ca s ing  w i t h  domed end c l o s u r e .  The e n e r g e t i c  p r o p e l l a n t  
g r a i n  is  bonded t o  t h e  cas ing  a long  i t s  o u t e r  c y l i n d r i c a l  s u r f a c e .  Frequent- 
l y ,  a rubber  l i n e r  is  in t e rposed  between t h e  g r a i n  and c a s i n g  f o r  purposes  of 
i n s u l a t i o n .  
p r o p e l l a n t  occurs  through passages o f  r e l a t i v e l y  complex geometry wi th in  t h e  
g r a i n  t o  t h e  one o r  more nozz le s  i n  t h e  a f t  dome o f  t h e  motor.  
ca s ing  m a t e r i a l  i s  u s u a l l y  an e las t ic  material such as s t e e l  though t h e r e  has  
been a r ecen t  t r e n d  t o  cas ings  wound of  f i b e r g l a s s  f i l amen t s  and impregnated 
wi th  some s o r t  o f  hard r e s i n .  

I t  c o n s i s t s  of a t h i n ,  

The flow o f  t h e  gases  developed by s u r f a c e  combustion o f  t h e  s o l i d  

The motor 

The p rope l l an t  material is  a composite c o n s i s t i n g  of an e l a s tomer i c  
b inde r ,  a c r y s t a l l i n e  o x i d i z e r  and d i spe r sed  s o l i d  materials such as aluminum 
p a r t i c l e s .  
o r  frequency-dependent and is h igh ly  t empera tu re - sens i t i ve .  
g r a i n  is very massive compared t o  t h e  c a s i n g  
95 p e r  c e n t  of t h e  t o t a l  mass o f  t h e  motor. 

T h i s  material is very compliant r e l a t i v e  t o  t h e  c a s i n g ,  is  t i m e -  
F i n a l l y ,  t h e  

u s u a l l y  c o n s t i t u t i n g  from 80 t o  

C lea r ly ,  a n a l y s i s  o f  t h i s  s t r u c t u r e  fo r  its re sponses  t o  va r ious  dynamic 
s t i m u l i  is  an imposing t a s k  indeed.  The u s u a l  f irst  s tep i n  t h e  a n a l y s i s  of 
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a complicated s t r u c t u r e  is t h e  formulat ion of  a t r a c t a b l e  mathematical  model. 
The s t r u c t u r e  involves  s e v e r a l  fundamental d i f f i c u l t i e s  bu t  probably t h e  
p r i n c i p a l  ones are ( 1 )  t h e  complex geometry of  t h e  i n t e r n a l  passages i n  t h e  
p r o p e l l a n t  g r a i n ;  and ( 2 )  t h e  fact  t h a t  the  motor is of f i n i t e  l eng th  thereby  
in t roduc ing  p o s s i b l e  i n t e r a c t i o n  of  end e f f e c t s .  
o f  t h e  same n a t u r e  as t h e  complicat ions t h a t  have plagued e l a s t i c i a n s  from 
t h e  very beginnings o f  t h e  f i e l d  o f  e l a s t i c i t y .  
it seems wise t o  i d e a l i z e  t h e  s t r u c t u r e  t o  t h e  ex ten t  t h a t  t h e s e  complicat ions 
are no longe r  p re sen t .  Thus, w e  cons ider  a mathematical  model t h a t  i s  in-  
f i n i t e l y - l o n g  wi th  a c i r c u l a r  pe r fo ra t ion .  
t h e  motor c o n s i s t s  on ly  o f  g r a i n  and cas ing .  
cons ide ra t ion  t o  l i n e a r  a n a l y s i s ;  i . e . ,  w e  cons ide r  on ly  i n f i n i t e s i m a l  de- 
formations o f  l i n e a r  materials. These r e s t r i c t i o n s  may n o t  be as seve re  as 
they  seem when it is r e a l i z e d  t h a t  most of t h e  dynamic environments of i n t e r e s t  
w i l l  r e s u l t  i n  very small displacements  wi th in  t h e  l i n e a r  range o f  t h e  mater- 
i a l s  under cons ide ra t ion .  
t h a t ,  f o r  small s t r a i n s ,  p r o p e l l a n t s  t y p i c a l l y  behave as l i n e a r l y - v i s c o e l a s t i c  
s o l i d s .  

These two d i f f i c u l t i e s  are 

Consequently, a t  t h e  o u t s e t ,  

We do not  i nc lude  a l i n e r  so t h a t  
We f u r t h e r  res t r ic t  t h e  p re sen t  

Materials p r o p e r t i e s  i n v e s t i g a t i o n s  have revea led  

ELASTIC GRAINS 

The mathematical  model which we have t h u s  fa r  devised  is  s t i l l  t o o  com- 
p l i c a t e d  for  i n i t i a l  s t u d i e s .  Thus, w e  i n t roduce  t h e  f u r t h e r  assumptions t h a t  
t h e  g r a i n  i s  p e r f e c t l y  e l a s t i c  wi th  no i n t e r n a l  p e r f o r a t i o n  and, s i n c e  t h e  
cas ing  is very s t i f f  r e l a t i v e  t o  t h e  core ,  t h a t  t h e  cas ing  be p e r f e c t l y  r i g i d .  
Therefore ,  ou r  i n i t i a l ,  very crude model o f  a s o l i d  p r o p e l l a n t  rocke t  motor 
c o n s i s t s  of an i n f i n i t e l y - l o n g  composite c y l i n d e r  wi th  a r i g i d  o u t e r  l a y e r  
and a very  compliant ,  s o l i d ,  e las t ic  core.  I n v e s t i g a t i o n  o f  such a model, 
however c rude ,  w i l l  begin t o  y i e l d  va luable  information concerning n a t u r a l  
f r equenc ie s  and displacement and stress f i e l d s  corresponding t o  normal modes. 
Such informat ion  i s  o f  immediate u t i l i t y ,  f o r  example, i n  t h e  des ign  o f  t h e  
guidance systems whose r e l i a b i l i t y  depends, t o  a large e x t e n t ,  on estimates 
of n a t u r a l  f requencies  and mode shapes of  t h e  rocke t  motor. 

Other  p o s s i b l e  a p p l i c a t i o n s  are dynamic loads  ana lyses ,  s t a g i n g  s t u d i e s ,  
t r a n s p o r t a t i o n  and handl ing s t u d i e s ,  etc. Over and above t h e s e  p r a c t i c a l  
a p p l i c a t i o n s ,  i n i t i a l  ana lyses  o f  crude mathematical  models provides  t h e  
a n a l y s t  w i th  t h e  exper ience  r equ i r ed  f o r  subsequent ref inement  o f  t h e  model. 
A d d i t i o n a l l y ,  a c a t a l o g  o f  s o l u t i o n s  i s  r a p i d l y  developed which may prove t o  
be very  u s e f u l  as checks on t h e  s o l u t i o n s  of  more r e f i n e d  models. 

The n a t u r a l  coord ina te  system f o r  t h e  formula t ion  of t h e  problem posed is 
There has long been a c t i v i t y  wi th in  t h e  gene ra l  t h e  p o l a r  c y l i n d r i c a l  system. 

area of  dynamics of elastic bodies  i n  p o l a r  c y l i n d r i c a l  coord ina tes .  
earl iest  formula t ion  of  a problem by means o f  t h e  dynamical equat ions  o f  
e l a s t i c i t y  i n  c y l i n d r i c a l  coord ina te s  is due t o  Pochhammer ( 1 )  and Chree (2 )  
who independent ly  i n v e s t i g a t e d  l o n g i t u d i n a l  and t r a n s v e r s e  wave propagat ion 
i n  i n f i n i t e l y - l o n g  c i r c u l a r  rods  wi th  t r a c t i o n - f r e e  su r faces .  An e x c e l l e n t  

The 
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survey of t h e  h i s t o r y  o f  t h i s  problem was presented  by Abramson, Plass and 
Ripperger ( 3 )  b u t ,  neve r the l e s s ,  it would be u s e f u l  and i n t e r e s t i n g  t o  mention 
a f e w  of t h e  more important  i n v e s t i g a t i o n s .  
t h e  next  s tudy t h a t  should be mentioned i s  due t o  Ghosh ( 4 )  who de r ived  d i s -  
pers ion  equat ions  f o r  l o n g i t u d i n a l  wave propaEation i n  t h i c k -  and th in-wal led ,  
i n f in i t e ly - long ,  hollow, c i r c u l a r  c y l i n d e r s  wi th  both su r faces  f ree  o f  trac- 
t i o n  and with one s u r f a c e  t r a c t i o n - f r e e  and t h e  o t h e r  r i p i d l y  clamped. 

Followinp Pochhammer and Chree 

Bancroft  (5) was among t h e  first t o  pub l i sh  numerical  s o l u t i o n s  of t h e  
d i s p e r s i o n  equat ions  f o r  l o n e i t u d i n a l  wave propagat ion.  
corded t h e  d i spe r s ion  equat ion  f o r  t r a n s v e r s e  wave propagat ion i n  i n f i n i t e l y -  
long ,  c i r c u l a r  rods  wi th  t r a c t i o n - f r e e  surfaces but  no numerical  work was 
indica ted .  
equat ion  for  t r a n s v e r s e  wave propapat ion but  a r r i v e d  a t  t h e  erroneous conclu- 
s i o n  t h a t  t h e r e  was only one mode of propagat ion of t r a n s v e r s e  waves, 
error was subsequent ly  propapated by Davies ( 7 )  and Kolsky ( 8 1 ,  amonp o t h e r s ,  
and was f i n a l l y  poin ted  out  by Abramson ( 9 )  who c a l c u l a t e d  s e v e r a l  d i s p e r s i o n  
curves i n  t h e  f irst  mode o f  propagat ion o f  t r a n s v e r s e  waves. 

I n  a d d i t i o n ,  he re- 

Hudson ( 6 )  c a r r i e d  ou t  some numerical  work wi th  t h e  d i s?e r s ion  

This  

McFadden (10)  was cancerned with r a d i a l  v i b r a t i o n s  i n  hollow, t h i c k -  
wal led cy l inde r s  while  Gazis (11) presented  a s tudy  o f  p lane  s t r a i n  v i b r n t i o r s  
i n  hollow c y l i n d e r s  with t r a c t i o n - f r e e  su r faces .  
d a t e ,  by means of t h e  dynamical equa t i cns  of e l a s t i c i t y ,  was presented. by 
Gazis (12)  on t h e  l o n p i t u d i n a l  and t r a n s v e r s e  wave propagat ion and free v ib ra -  
t i o n s  i n  i n f i n i t e l y - l o n g ,  thick-walled c y l i n d e r s  wi th  t r a c t i o n - f r e e  s u r f a c e s .  
Other p e r t i n e n t  s t u d i e s  were r epor t ed  by Herrmann and Mirsky (131, P i r sky  and 
Herrmann (14,  151,  Greenspon (16,  17 ,  18)  Bi rd ,  Hart and FlcClure ( 1 9 )  and 
Bird (20). 

The most complete s t u d y ,  t o  

The f i e l d  and c o n s t i t u t i v e  equat ions  f o r  dynamic deformations o f  com- 
p r e s s i b l e  e las t ic  cont inua  i n  p o l a r  c y l i n d r i c a l  coord ina te s  may be reduced 
t o  t h e  fol lowing t h r e e  equat ions  of motion: 

L 
U r 

r2 ae  1-2v ar G a t 2  

U 2 au0 1 a A  P 

r 
- r 

r 2  
02, - - - - - +  -- - - - 

2 U 2 au r  1 i a ~  p a u ,  2 
- 
-1 - + - - - -  e 

2 v u  - - + -  
r2 a o  1-2v r a o  G a t  ' r  

1 - 2 ~  az G a t L  

4 
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, 
I Solu t ions  of t h e s e  equat ions  of motion a re  r e a d i l y  obta ined  by meens of t h r e e  

displacement p o t e n t i a l s  as Follows: 

* 

It may be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  t h a t  Eqs. ( 1 )  are i d e n t i c a l l y  sa t i s -  
f i e d  by t h e s e  components of displacement provided w e  take t h e  displacement  
p o t e n t i a l s  as s o l u t i o n s  o f  t h e  fol lowing d i f f e r e n t i a l  equat ions :  

-2 a 2 +  024 = c - 
a t 2  C 

-2 a 2  v2  ($, x )  = c - ( J I ,  x ) ,  
a t 2  S 

wherein c 
t i v e l y ,  and a re  giver, by 

and c 
C S 

denote  t h e  d i l a t a t i o n a l  and shea r  wave v e l o c i t i e s ,  respec-  

c = G/p 
S 
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L I 

We recognize t h e  d i f f e r e n t i a l  equat ions  ( 3 )  as wave equa t ions ,  s o l u t i o n s  of 
which are wel l  known. 
equa t ions ,  t h e  displacements  fo l low from E q s .  ( 2 )  while  t h e  components of 
stress are obtained from t h e  followinF: s t ress -d isp lacement  r e l a t i o n s :  

On s e l e c t i o n  of a p p r o p r i a t e  s o l u t i o n s  of t h e s e  wave 

cy r = 2G(br a r 2 C  A) ( sa )  

L e t  u s  now i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h i s  g e n e r a l  t h e o r v  i n  t h e  cal-  
c u l a t i o n  of t h e  n a t u r a l  f r equenc ie s  and normal modes of  t h e  i n i t i a l  c rude  
model for t h e  so l id  p r o p e l l a n t  rocke t  motor. 
boundary cond i t ions  are Riven by 

S i n c e  t h e  c r a i n  i s  s o l i d ,  t h e  

6 

i 



The s imples t  modes of v i b r a t i o n  are t h e  so-ca l led  ax ia l - shea r  modes which 
a r e  de f ined  as those  modes of  f r e e  v i b r a t i o n  i n  which t h e  only  non-zero 
component o f  displacement  is t h a t  p a r a l l e l  t o  t h e  a x i s  o f  t h e  c y l i n d e r ,  
Furthermore,  t h i s  a x i a l  displacement  component depends only on t h e  coord ina te s  
i n  t h e  p lane  of  a c ross - sec t ion .  
i f  for  no o t h e r  reason  than  t h a t  t hey  a r e  among t h e  very few modes f o r  which 
e x a c t ,  closed-form s o l u t i o n s  of t h e  three-dimensional  equat ions  of  e l a s t i c i t y  
are poss ib l e .  There are, however, o t h e r  reasons  f o r  concern wi th  ax ia l - shea r  
modes. 
f l e x u r a l  o r  l o n g i t u d i n a l  wave modes with i n f i n i t e  wave-length. 
t h e i r  d e f i n i t i o n  we seek s o l u t i o n s  o f  t h e  equa t ions  of e l a s t i c i t y  i n  t h e  form 

These modes a r e  of fundamental  importance 

They r e p r e s e n t  l i m i t i n g  f l e x u r a l  or l o n g i t u d i n a l  modes; i .e.,  t hey  are 
In  accord wi th  

u = u  = o  ( 7 a )  r 0  

(7b)  u = W(r) e i w t  cos ne 
Z 

S u b s t i t u t i o n  i n t o  Eqs. (1) r e s u l t s  i n  t h e  fo l lowing  s i n g l e  equai ton:  

wherein primes denote  d i f f e r e n t i a t i o n  with r e s p e c t  t o  t h e  argument, 
t h e  well-known nth-order  Besse l  equat ion which has t h e  fo l lowing  g e n e r a l  
s o l u t i o n  : 

This  i s  

wherein R i s  a d imens ionless  frequency c o e f f i c i e n t  def ined  by 

Cnl and C 
boundary “cnd i t ions  w i l l  be s a t i s f i e d ,  and Jn and Y are t h e  nth-order Bessel 
f u n c t i o n s  of t h e  1st and 2nd k inds ,  r e s p e c t i v e l y .  
boundary c o n d i t i o n s  g iven  by Eqs. ( 6 )  reduce t o  t h e  fo l lowing  s i n g l e  cond i t ion :  

are a r b i t r a r y  cons t an t s  which must be eva lua ted  such t h a t  t h e  

f n  view of Eqs, ( 7 )  t h e  

7 



I 
This  condi t ion  w i l l  be i d e n t i c a l l y  s a t i s f i e d  provided t h a t  w e  t a k e  C 
vanish  and t h a t  2n 

t o  
I 

This  r e s u l t  c o n s t i t u t e s  t h e  frequency equat ion  i n  t h e  p r e s e n t  problem. 
d e f i n e s  a doub ly - in f in i t e  family of  n a t u r a l  f r equenc ie s  and normal modes; 
i . e . ,  corresponding t o  each va lue  o f  n w e  f i n d  an i n f i n i t e  number of r o o t s  of 
Eq. (10 ) .  I t  i s  clear from Eq. ( s a )  t h a t  t h e  n=O modes are axisymmetric 
whereas t h e  modes f o r  which n = l  are ant isymmetr ic .  I n  view o f  Eqs. ( 9 a )  and I 

(71, w e  observe t h a t  a l l  t h e  stresses vanish  wi th  t h e  except ion  o f  t h e  s h e a r  
stresses 
Clea r ly ,  tcis gen;& type  o f  v i b r a t i o n  is  pure shea r  i n  n a t u r e  account ing,  
p a r t i a l l y ,  f o r  t h e  name a x i a l s h e a r .  These modes, among o t h e r s ,  were thorough- 
l y  i n v e s t i g a t e d  i n  Ref. (21 ) .  

It 
, 

and and t h e  l a t t e r  vanishes  f o r  t h e  axisymmetric modes. 
= Z  

Another important  class of v i b r a t i o n s  occurs  when t h e  a x i a l  component of 
displacement vanishes  i d e n t i c a l l y  y i e l d i n g  a t r a n s v e r s e  mode o f  v i b r a t i o n .  
Such a mode o f  v i b r a t i o n  occurs  when w e  t a k e  

J ($2 f ) eiwt s i n  ne  X = ' n 2  n a ( l l c )  

It is immediately clear from Eqs. ( 2 )  t h a t  w e  o b t a i n  a p lane  s t r a i n  mode of  
v i b r a t i o n  wherein uz vanishes  i d e n t i c a l l y .  S u b s t i t u t i o n  i n t o  Eqs. ( 2 )  and,  
t hence ,  i n t o  t h e  boundary cond i t ions  given by Eqs. ( 6 )  r e s u l t s  i n  t h e  fol low- 
ing  frequency equat ion:  

wherein w e  have used t h e  r ecu r rence  r e l a t i o n s  f o r  t h e  Bessel f u n c t i o n s .  These 
t r anscenden ta l  frequency equa t ions  d e f i n e  a doubly i n f i n i t e  set of n a t u r a l  
c i r c u l a r  frequency c o e f f i c i e n t s  which depend upon P o i s s o n ' s  r a t i o .  I n  Refer- 
ence (22)  t h i s  dependency is i n v e s t i g a t e d  i n  d e t a i l .  The first f o u r  branches 
of t h e  first fou r  modes of v i b r a t i o n  a r e  p l o t t e d  i n  func t ion  o f  K which de- 
pends only  upon Po i s son ' s  r a t i o .  Add i t iona l ly ,  t h e  displacement  f i e l d s  f o r  
s e v e r a l  d i f f e r e n t  modes are p l o t t e d .  

8 



. 
4 The las t  problem o f  i n t e r e s t  concerning t h i s  i n i t i a l  crude model is t h a t  

I n  Ref. (23)  t h i s  problem was t r e a t e d  i n  some o f  t r a n s v e r s e  wave propagat ion.  
d e t a i l .  
p l o t t e d .  Add i t iona l ly ,  it was poin ted  out t h a t  t h e  d i s p e r s i o n  equat ions  de- 
gene ra t e  f o r  i n f i n i t e  wavelengths i n t o  t w o  uncoupled frequency equat ions  de- 
f i n i n g  t h e  ax ia l - shea r  and t r a n s v e r s e  v i b r a t i o n s  modes which w e  have d iscussed  
above. 

The d i spe r s ion  equat ions  were der ived  and s e v e r a l  branches were 

Before proceeding t o  t h e  ref inement  o f  ou r  i n i t i a l  mathematical  model, 
mention should be made of  an i n t e r e s t i n g  problem t h a t  arises i n  connect ion with 
Eq. (121, t h e  frequency equat ion  f o r  f ree ,  t r a n s v e r s e  v i b r a t i o n s .  I t  was men- 
t i o n e d  t h a t  t h e  n a t u r a l  frequency depends upon Po i s son ' s  ra t io .  
it was demonstrated t h a t  f i n i t e ,  rea l  n a t u r a l  f r equenc ie s  e x i s t  when t h e  
material o f  t h e  co re  is i d e a l l y  incompressible;  i . e . ,  when Po i s son ' s  r a t i o  has  
t h e  va lue  1 / 2 .  "How can n a t u r a l  f requencies  
exist for an incompressible  material when it occupies  t h e  e n t i r e  i n t e r n a l  
volume of t h e  tank?" I n  R e f .  (24)  it was demonstrated t h a t ,  as t h e  co re  mater- 
i a l  t ends  t o  become incompressible;  i . e . ,  as Poisson ' s  r a t i o  t ends  t o  1 / 2 ,  
t h e  frequency spectrum t ends  t o  a s imple l i n e  spectrum. 
a frequency spectrum is  p h y s i c a l l y  impossible .  
is no t  s u r p r i s i n g  s i n c e  t h e  i d e a l l y  incompressible  material is a hypo the t i ca l  
material which cannot e x i s t  i? na tu re .  
a material is q u i t e  r e g u l a r l y  used i n  p r a c t i c e .  The behavior  mentioned above 
is simply one d i f f i c u l t y  t h a t  can arise from t h e  a p p l i c a t i o n  of such an as- 
sumption. F i n a l l y ,  w e  draw a t t e n t i o n  t o  a f e w  i n t e r e s t i n g  s t u d i e s  due t o  
Magrab (25 ,  2 6 ,  27) concerning t h e  displacement and stress f i e l d s  i n  t h e  s o l i d  
g r a i n  due t o  s t e a d y - s t a t e ,  forced  harmonic o s c i l l a t i o n  of t h e  r i g i d  case. 

I n  Ref. (22) 

A ques t ion  immediately arises:  

C lea r ly ,  t h i s  k ind  of 
That t h i s  should be t h e  case 

Nevertheless ,  t h e  assumption o f  such 

On t h e  b a s i s  of  t h e  s t u d i e s  c i t e d  w e  conclude t h a t  ou r  i n i t i a l  crude 
model has  been thoroughly i n v e s t i g a t e d  and t h a t  i t s  s t e a d y - s t a t e  response is 
adequate ly  understood. 
mathematical  model by al lowing f o r  a c i r c u l a r  i n t e r n a l  p e r f o r a t i o n  o f  t h e  
g r a i n .  
with t h e  o u t e r  l a y e r  i d e a l l y - r i g i d  and t h e  i n n e r  l a y e r  e l a s t i c .  
c o n d i t i o n s  i n  t h i s  case are given by t h e  fol lowing:  

Therefore ,  w e  proceed t o  a s l i g h t  ref inement  of  our  

N o w  ou r  model c o n s i s t s  o f  an i n f i n i t e l y - l o n g ,  two-layered c y l i n d e r  
The boundary 

r=a r=a r= a 
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wherein a and b denote  t h e  e x t e r n a l  and i n t e r n a l  r a d i i ,  r e s p e c t i v e l y ,  of t h e  
g ra in .  Equations (13a)  expres s  t h e  cond i t ions  t h a t  t h e  i n t e r n a l  g r a i n  pe r fo r -  
a t i o n  be f r e e  of s u r f a c e  t r a c t i o n s  while  Eqs. (13b) r e s u l t  from t h e  assumption 
of an i d e a l  bond between t h e  g r a i n  and r i g i d  cas ing .  

For t h e  ax ia l - shea r  mode o f  v i b r a t i o n s  w e  s e e k  s o l u t i o n s  i n  t h e  form 
given  by Eq. ( 7 )  so t h a t  Eq. ( 8 )  i s  t h e  governing equat ion  of  motion while  
Eq. ( s a )  g ives  an admiss ib le  s o l u t i o n .  I n  view of  Eqs. (5), ( 7 )  and ( 9 a )  
we f i n d  t h a t  a l l  bu t  two of  t h e  boundary cond i t ions  given by Eqs. (13)  are 
t r i v i a l l y  s a t i s f i e d  and t h e s e  two cond i t ions  r e s u l t  i n  t h e  fo l lowing:  

This  is a homogeneous system o f  l i n e a r ,  a l g e b r a i c  equa t ions  i n  t h e  unknown 
cons tan t s  Cnl and Cn2.  Such a system can have n o n - t r i v i a l  s o l u t i o n s  on ly  i f  
t h e  determinant  o f  t h e  c o e f f i c i e n t s  of t h e  unknowns vanishes  i d e n t i c a l l y .  
Thus, w e  are l e d  t o  t h e  fo l lowing  frequency equat ions :  

Axisymmetric Modes: 

Anti-symmetric Modes: 

Jn ($2) Ynt ($2;) b - ' (SI;)  b Yn ($2) = 0, n = 1, 2... ( l4b)  
Jn 

The ze ros  o f  t h e s e  frequency equat ions  were c a l c u l a t e d  i n  Ref. (21 ) .  

In  R e f .  ( 28 )  t h e  problems o f  p lane  s t r a i n  v i b r a t i o n s  and t r a n s v e r s e  wave 
I n  t h e  case of t r a n s v e r s e  propagat ion i n  t h e  more r e f i n e d  model are t r e a t e d .  

wave propagat ion none o f  t h e  boundary c o n d i t i o n s  g iven  by Eqs. (13 )  is t r i v -  
i a l l y  s a t i s f i e d  so t h a t  a d i s p e r s i o n  equa t ion  is obta ined  i n  t h e  form o f  a 
6 x 6 determinant  set equa l  t o  zero .  
g e n e r a l ,  l i n e a r  combinations o f  n th-order  Ressel func t ions  o f  t h e  first and 
second kind. This  d i spe r s ion  equat ion  is  w r i t t e n  i n  R e f .  ( 28 )  and sample 
c a l c u l a t i o n s  were c a r r i e d  out  i n  R e f .  (29)  f o r  an incompress ib le  g r a i n .  I n  
R e f .  (28)  it is demonstrated t h a t  t h e  d i s p e r s i o n  equat ion  governing t r a n s v e r s e  
wave propagation degenera tes  f o r  i n f i n i t e  wavelength t o  two uncoupled frequency 

The elements  o f  t h e  de te rminant  are ,  i n  

10 
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@ e q u a t i o n s .  One o f  t h e s e  is t h a t  f o r  ax ia l - shea r  modes of v i b r a t i o n  as given 
by Eq. (14b) and t h e  o t h e r  is  t h a t  governing p l ane  s t r a i n  v i b r a t i o n s .  The 
l a t t e r  frequency equat ion is  a 4 x 4 determinant i nvo lv ing  n th -o rde r  Bessel 
f u n c t i o n s  of t h e  first and second kind set t o  zero.  Four branches f o r  each o f  
t h e  first f o u r  modes o f  v i b r a t i o n  were c a l c u l a t e d  i n  Ref. ( 3 0 )  f o r  an incom- 
p r e s s i b l e  g r a i n .  I 

The nex t  refinement w e  can make i n  our mathematical  model o f  t h e  rocke t  
motor is  t o  a l low f o r  an e las t ic  cas ing  so t h a t  o u r  new model c o n s i s t s  i n  a 
composite c y l i n d e r  of t w o  c o n c e n t r i c  elastic l a y e r s  both o f  which are i n f i n -  
i t e l y - l o n g .  I n  g e n e r a l ,  t h e  s t i f f n e s s  of the  g r a i n  w i l l  be considered small 
as compared with t h a t  o f  t h e  cas ing  m a t e r i a l  i n  deference t o  t h e  o r i g i n s  of 
t h e  problem. The understanding of t h e  behavior o f  such a model should shed 
cons ide rab le  l i g h t  upon t h e  rocke t  motor problem. To  be s u r e ,  t h e  o u t e r  l a y e r  
which models t h e  motor cas ing  w i l l  u s u a l l y  be t h i n  r e l a t i v e  t o  i t s  mean r a d i u s  
and, consequent ly ,  s h e l l  t heo ry  may be used i n  d e s c r i b i n g  i t s  behavior .  How- 
e v e r ,  f o r  t h e  t ime-being, w e  s h a l l  t r ea t  both l a y e r s  by means o f  e l a s t i c i t y  
theo ry  as given i n  Eqs. (1) - ( 5 ) .  We s h a l l  r e t u r n ,  subsequent ly ,  t o  t h e  use 
o f  s h e l l  t heo ry  i n  t r e a t i n g  t h e  behavior  of t h e  o u t e r  l a y e r .  I n  o r d e r  t o  as- 
s o c i a t e  a g iven  q u a n t i t y  with one o r  t h e  o t h e r  o f  t h e  two l a y e r s ,  w e  append a 
1 when r e f e r r i n g  t o  t h e  o u t e r  l a y e r  and d 2 when r e f e r e n c e  t o  t h e  i n n e r  l a y e r  
i s  intended.  
i n n e r  layer while u z l  denotes  t h e  same q u a n t i t y  i n  t h e  o u t e r  l a y e r .  I n  accord 

Thus, uz2 denotes  t h e  a x i a l  component o f  displacement i n  t h e  

wi th  t h i s  convention: t h e  boundary cond i t ions  are 

1 r = r  

U 
1 r 

U 
% 

U 
1 z 

= r  I 
= "1 I = u  

1'2 
r = a  

= u  
02 r. = a 

given by 

= o  (15a& ,c)  

= "1 

I 
r = a  

r = a  

J; a 
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a 
1 r 

r=a 

T 

r=a 

T 
1 r z  

r=a 

= a  
2 r 

r=a 

T 
2 

= re 

r=a 

= T  
2 r z  

r=a 

( 1 5 j  , k , l )  

2 r=r 2 r=r 
2 r=r 

For the  a x i a l - s h e a r  mode of v i b r a t i o n  t h e  only  non-zero component of 
displacement is t h e  a x i a l  component and w e  t a k e  it i n  t h e  form 

wherein 

(16b)  

Direct s u b s t i t u t i o n  r e v e a l s  t h a t  t h e  equa t ions  of motion g iven  by Eqs. (1) 
are i d e n t i c a l l y  s a t i s f i e d  f o r  t h i s  displacement  f i e l d .  
Eqs. ( 5 )  w e  f i n d  t h a t  t h e  only  non-zero components of stress are t h e  

S u b s t i t u t i n g  i n t o  

, 

I 
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fol lowing:  

, 

rik.ere i n  

0 0 

RaJn (Q,) 

0 



I 

wherein 

2 2 2 G2/% 
Q = ill / a2 =.- 

p 2  p 1  

The frequency equa t ion  given by Eq. (18)  is  an i m p l i c i t  func t ion  r e l a t i n g  t h e  
d e n s i t y  r a t io  p 2 / p 1  , t he  r a t i o  o f  t he  s h e a r  modulii  G2/Gl, t h e  r a d i u s  r a t i o s  
r l / a  and r2/a and one o r  t h e  o t h e r  of t h e  two frequency c o e f f i c i e n t s  

and ( 1 4 )  as s p e c i a l  cases, as it should. 
t h e  frequency equat ion are p l o t t e d  i n  o r d e r  t o  e s t a b l i s h  t h e  cond i t ions  under 
which t h e  e a r l i e r  s i m p l e r  s o l u t i o n s  can be used. 
t h a t  when t h e  cas ing  is reasonably t h i n ,  t h e  assumption o f  a r i g i d  c a s i n g  is 

ill o r  

Add i t iona l ly ,  va r ious  branches of 

I n  g e n e r a l ,  it would seem 

I n  Ref. (31 )  i t  is shown t h a t  t h i s  frequency equat ion inc ludes  Eqs. (10) n2 

acceptable  only f o r  axisymmetric, a x i a l - s h e a r  modes. f 

For t r a n s v e r s e  (p l ane  s t r a i n )  v i b r a t i o n s  o f  t h e  composite c y l i n d e r  w e  
t a k e  t h e  a x i a l  displacement t o  vanish i d e n t i c a l l y  and a l l  displacements  and 
stresses t o  be independent of the  z coord ina te  v a r i a b l e .  Under t h e s e  condi- 
t i o n s  T~~ and T =  vanish i d e n t i c a l l y  and f o u r  o f  t h e  twelve boundary condi- 
t i o n s  given by E q s .  (15)  are t r i v i a l l y  s a t i s f i e d .  S u b s t i t u t i o n  i n t o  t h e  re- 
maining boundarv cond i t ions  r e s u l t s  i n  a system o f  8 homogeneous, l i n e a r ,  
a l g e b r a i c  equat ions i n  t h e  8 unknown cons tan t s .  
cond i t ion  t h a t  n o n - t r i v i a l  s o l u t i o n s  of t h i s  system e x i s t  is t h a t  t h e  de t e r -  
minant o f  t h e  c o e f f i c i e n t s  o f  t h e  unknowns must vanish.  Thus, t h e  frequency 
equat ion is ob ta ined  i n  t h e  form o f  an 8 x 8 determinant  se t  t o  zero. I n  
g e n e r a l ,  the  elements of t h e  determinant are l i n e a r  combinations o f  nth-order 
Bessel func t ions  of t h e  first and second kinds.  C a l c u l a t i o n s  o f  n a t u r a l  fre- 
quencies have been c a r r i e d  ou t  i n  R e f .  ( 3 2 )  f o r  a case wherein t h e  o u t e r  l a y e r  
( c a s i n g )  is  very much s t i f fe r  than the  i n n e r  l a y e r  ( g r a i n ) .  I n  t h i s  p a r t i c u -  
l a r  case, t h e  va r ious  branches o f  t h e  frequency equa t ion  have been p l o t t e d  and 
analyzed f o r  modes wherein n = 1; i . e * ,  for  modes t h a t  have only a s i n g l e  noda l  
diameter.  
g r a i n  and pure cas ing  modes. 
v i b r a t i o n  e x i s t i n g  i n  t h e  g r a i n  when t h e  case is p e r f e c t l y  r i g i d  while  a pure 

The necessa ry  and s u f f i c i e n t  

Modes of v i b r a t i o n  have been i d e n t i f i e d  t h a t  degenerate  t o  pure 
A pure g r a i n  mode is de f ined  as t h a t  mode of 
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A cas ing  mode occurs  i n  an empty cas ing .  
geometr ies  and material parameter  va lues ,  t h e  lowest  n = 1 cas ing  mode is  
s u b s t a n t i a l l y  h ighe r  than  t h e  lowest n = 1 g r a i n  mode. 
t h a t  t h e  n a t u r a l  frequency of t h e  lowest  cas ing  mode is  very s e n s i t i v e  t o  
g r a i n  th i ckness .  
s o l u t i o n  based on s h e l l  t heo ry  wherein t h e  mass of  t h e  g r a i n  i s  lumped wi th  
t h e  mass o f  t h e  t h i n  cas ing  and t h e  s t i f f n e s s  of  t h e  g r a i n  is neglec ted .  
This  p o s s i b i l i t y s h o u l d  be exp lo i t ed .  
g r a i n  modes are r e l a t i v e l y  i n s e n s i t i v e  t o  v a r i a t i o n s  i n  cas ing  t h i c k n e s s  
i n d i c a t i n g  t h a t ,  a t  l e a s t  f o r  t h e  m a t e r i a l  parameters  cons idered ,  t h e  
coupl ing of cas ing  and g r a i n  r i g i d i t i e s  i s  r e l a t i v e l y  weak. 
reasonable  approximations t o  t h e  n a t u r a l  f requencies  of t h e  g r a i n  modes can 
be obta ined  by assuming t h a t  t h e  cas ing  is p e r f e c t l y  r i g i d .  
Ref. (32)  were l i m i t e d  t o  n = 1 modes. Work is  i n  p rogres s  a t  The Ca tho l i c  
Un ive r s i ty  of America t o  o b t a i n  similar r e s u l t s  f o r  n = 2,3,4 modes. 
frequency equat ion  has been programmed f o r  machine computation, t h e  program 
has been checked and d a t a  produced. 
a v a i l a b l e  and t o  supplement it as requi red .  

It was shown t h a t ,  for  t y p i c a l  

It is demonstrated 

I t  may be p o s s i b l e  t o  inc lude  t h i s  e f f e c t  i n  an approximate 

Addi t iona l ly ,  it was shown t h a t  t h e  

I t  fo l lows  t h a t  

The s t u d i e s  o f  . 

The 

I t  remains t o  analyze t h e  d a t a  p r e s e n t l y  

As prev ious ly  mentioned, it is poss ib l e  t o  use t h i n  s h e l l  t heo ry  i n  
t r e a t i n g  t h e  deformation of t h e  c a s i n g  r a t h e r  t h a n  e l a s t i c i t y  theo ry .  
s i n c e  t h i n  s h e l l  t heo ry  i s  not  s u b s t a n t i a l l y  s imple r  than  e l a s t i c i t y  theo ry  i n  
t h i s  p a r t i c u l a r  a p p l i c a t i o n ,  t h e r e  appears  t o  be l i t t l e  p r o f i t  e s p e c i a l l y  
s i n c e  e l a s t i c i t y  theo ry  must be used f o r  t h e  g ra in .  
have performed an i n t e r e s t i n g  s tudy  wherein s h e l l  t heo ry  was used f o r  t h e  
cas ing .  
t r a n s v e r s e  v i b r a t i o n s ,  numerical  r e s u l t s  and a n a l y s i s  are presented  only f o r  
axisymmetric modes. Two d i f f e r e n t  s o l u t i o n s  are presented :  one a p p l i c a b l e  
t o  a compressible  g r a i n  and t h e  o t h e r  t o  an incompressible  g ra in .  
found t h a t  wi th  a compressible  core, t h e  axisymmetric mode has two uncoupled 
motions; one is  a ' r i g i d '  r o t a t i o n  of t h e  cas ing  with a t w i s t i n g  of t h e  g r a i n  
and t h e  o t h e r  is  a pure ly  r a d i a l  motion, 
i n  an incompress ib le  g r a i n .  
p re sen ted  f o r  l i m i t i n g  extremes o f  r i g i d i t y  and d e n s i t y  r a t i o s .  

However, 

Sann and S h a f f e r  ( 3 3 )  

Although t h e  frequency equat ions  are developed f o r  a l l  modes of 

I t  is 

The l a t t e r  motion is not  p re sen t  
Some s i m p l i f i e d  frequency equat ions  are a l s o  

The s t e a d y - s t a t e ,  t r a n s v e r s e  wave propagat ion problem f o r  t h e  two-layered, 
e l a s t i c  c y l i n d e r  remains for  f u r t h e r  t rea tment .  
c o n d i t i o n s  given by Eqs. (15)  is  t r i v i a l l y  s a t i s f i e d  i n  t h i s  case  so t h a t  t h e  
d i s p e r s i o n  equat ion  takes t h e  form of  a 1 2  x 1 2  determinant  set equal  t o  
ze ro ,  
calculate i ts  branches and perform t h e  r e q u i s i t e  ana lyses  t h e r e o f ,  

None o f  t h e  boundary 

Th i s  d i s p e r s i o n  equat ion  is r e a d i l y  w r i t t e n  down bu t  it remains t o  

We are once aga in  ready f o r  an a d d i t i o n a l  ref inement  of  our  mathematical  
There are two t y p e s  of ref inements  t h a t  can be made, both of  which model. 

are f r a u g h t  with d i f f i c u l t i e s :  (1) complicated i n t e r n a l  p e r f o r a t i o n  and 
( 2 )  f i n i t e  l eng th .  
refinements r e q u i r e s  i n d i v i d u a l  t rea tment .  

It would appear  that each of t h e s e  p o s s i b l e  



Let us first cons ider  t h e  problem of t h e  complicated geometry of t h e  in-  
These i n t e r n a l  passages are u s u a l l y  th ree -  ternal  p e r f o r a t i o n s  of t h e  g ra in .  

dimensional i n  c h a r a c t e r  having shapes t h a t  are u s u a l l y  d i c t a t e d  by t h e  con- 
s i d e r a t i o n s  o f  i n t e r n a l  b a l l i s t i c s .  L i t t l e  has  been accomplished concerning 
t h e  dynamics of  such motors nor  is  it l i k e l y  t h a t  a p e a t  d e a l  w i l l  be  achieved 
i n  the  n e a r  f u t u r e  o t h e r  than numerical  s o l u t i o n s  of  s p e c i f i c  problems. How- 
e v e r ,  it f r equen t ly  happens t h a t  t hese  i n t e r n a l  g r a i n  p e r f o r a t i o n s  are two- 
dimensional i n  n a t u r e  ove r  s u b s t a n t i a l  p o r t i o n s  of t h e  t o t a l  l ength  of t h e  
motor. 
a s tar-shaped pe r fo ra t ion .  Therefore ,  it is no t  unreasonable t o  cons ide r  an 
i n f i n i t e l y - l o n g  g r a i n  with such a cross-sec t ion .  
work has  been accomplished wi th  t h i s  model of a rocke t  motor and i n  t h e  fo l -  
lowing paragraphs w e  s h a l l  a t tempt  t o  survey at least  a po r t ion  o f  t h e  work 
with which t h e  au tho r  has  a f a m i l i a r i t y .  

I n  t h e s e  p o r t i o n s  t h e  g r a i n  c ross -sec t ion  is circular ,  o f  course ,  wi th  

A cons iderable  volume of 

For a mathematical  model c o n s i s t i n g  o f  an i n f i n i t e l y - l o n g ,  c i r c u l a r  g r a i n  
wi th  a complicated i n t e r n a l  p e r f o r a t i o n ,  i d e a l l y  bonded along i t s  o u t e r  p e r i -  
phery t o  a r i g i d  cas ing ,  t h e  boundary condi t ions  are t h a t  a long  t h e  o u t e r  
per iphery  t h e  displacements  must vanish while  t h e  per iphery  of  t h e  complicated 
i n t e r n a l  p e r f o r a t i o n  must be t r a c t i o n - f r e e .  The l a t t e r  condi t ion  is  expressed  
a n a l y t i c a l l y  as fol lows : 

= o  'r nr + 'rene 

T n + a n  = O  a long  s ( r , e )  = 0 r e r  8 8  

r z  r + ' e 2 e  
(20)  

~n = o  

wherein S ( r ,  8 ) = 0 de f ines  t h e  i n t e r n a l  p e r f o r a t i o n  and nr and n e denote  
t h e  components i n  t h e  r a d i a l  and c i r c u m f e r e n t i a l  d i r e c t i o n s  of t h e  u n i t  nor- 
mal drawn outwardly wi th  r e s p e c t  t o  t h e  domain under  cons ide ra t ion .  
w r i t i n g  t h i s  cond i t ion  w e  have taken n z ,  t h e  a x i a l  component of  t h e  u n i t  nor-  
mal, t o  vanish s i n c e  t h e  g r a i n  is c y l i n d r i c a l .  
concerning t h i s  problem should  be d i r e c t e d  toward developing a method o f  so lu-  
t i o n .  
s o l i d  c y l i n d r i c a l  bar wi th  i t s  o u t e r  pe r iphe ry  having t h e  same shape as t h e  
i n t e r n a l  p e r f o r a t i o n  o f  t h e  g r a i n ,  Thus, t h e  boundary cond i t ion  a p p l i c a b l e  
t o  t h i s  b a r  problem is given e x a c t l y  by Eq. ( 2 0 ) .  B a s i c a l l y ,  t h e  only d i f -  
fe rence  between t h e  b a r  problem and t h e  g r a i n  problem is t h a t  t h e  displacement  
boundary condi t ions  are absent  i n  t h e  former. Consequently,  t echniques  suc- 
c e s s f u l l y  appl ied  i n  t h e  b a r  problem should  a l s o  be s u c c e s s f u l  f o r  t h e  g r a i n  
problem. 

I n  

Our i n i t i a l  cons ide ra t ions  

For t h i s  reason we choose t o  s i m p l i f y  t h e  problem by cons ide r ing  a 
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4 Addi t iona l ly ,  f o r  t h e  sake o f  s i m p l i c i t y ,  we concern ou r se lves  only wi th  
t h e  ax ia l - shea r  mode of free v i b r a t i o n s .  Thus, w e  seek s o l u t i o n s  i n  t h e  form 

Accordingly 

i w t  
$J = .(.r, 8 )  e 

Eqs. ( 2 )  reduce t o  

u = u  = o  
r 8  

u = -e iwt v12 Y(r,e) 
z 

and E q s .  ( 3 )  degenerate  t o  t h e  fol lowing s i n g l e  Helmholtz equat ion:  

v1 2 Y = - -  PW2 Y 
G 

- 

F i n a l l y ,  as a consequence o f  Cqs . ( 2 2 ) ,  t h e  s t ress-displacement  equa t ions  
given by Eqs. ( 5 )  become 

1 a Y  i w t  T = pw2 --e 
8z r a 0  

N o w ,  it can be shown* t h a t  t h e  outward u n i t  normal t o  S i n  t h e  plane o f  S is 
given by 

* See ,  f o r  example, Wylie ( 3 4 )  



wherein 

Closed form s o l u t i o n  of  t h e  problem posed above is no t  f e a s i b l e  s o  we 
I 

I s h a l l  be content  wi th  approximate s o l u t i o n s .  

I t  fol lows t h a t  

I S ( r , e )  = r - a - b cos 48 = 0 ( 2 7 )  

We r e a d i l y  recognize t h e  s i m i l a r i t y  o f  t h i s  family of p lane  curves t o  t h e  
boundary curve o f  t h e  i n t e r n a l  p e r f o r a t i o n  of mmy common s o l i d  p r o p e l l a n t  
rocket  motors. 
is  one curve of the  family. Consequently,  s o l u t i o n s  can be  degenerated t o  
those f o r  c i r c u l a r  boundaries.  
ready means f o r  checking t h e  r e s u l t s .  

Another advantage of t h i s  family is  t h e  fact  t h a t  t h e  c i rc le  

Since  t h e  l a t t e r  are a v a i l a b l e ,  w e  have a 
The c o l l o c a t i o n  method used c o n s i s t e d  

as n = - - /  I i ) s  I r ar (25a)  

I n  view o f  Eqs. (24)  and (25) t h e  boundary cond i t ions  given by Eqs. (20) re- 
duce t o  t h e  fo l lowing  s i n g l e  cond i t ion :  

Thus, t h e  problem has been reduced t o  one of f i n d i n g  a s o l u t i o n  of C q .  ( 2 3 )  
such t h a t  the  boundary condi t ion  given by E q .  (26)  w i l l  be i d e n t i c a l l y  satis-  
f i e d .  

I n  Ref. (35) t h e  co l loca t ion  method i s  a p p l i e d  to  s o l v e  t h e  problem f o r  
a s tar-shaped boundary (wi th  f o u r  s ta r  t i p s )  given by 

I 
t 

+ vs = ; t a s  - + * l a :  7 -- r a e  3P 



i n  t a k i n g  a s o l u t i o n  i n  t h e  form o f  a f i n i t e  sequence of s o l u t i o n s  of Eq. (23) 
and s a t i s f y i n g  t h e  boundary cond i t ion  given by Eq. (26)  a t  a f i n i t e  number o f  
p o i n t s  on t h e  boundary. 
l o c a t i o n  method a p p l i e d  t o  e igenvalue problems such as t h e  p r e s e n t  case. 
is  g e n e r a l l y  presumed t h a t  , provided a s u f f i c i e n t  number o f  c o l l o c a t i o n  p o i n t s  
are used, t h e  r e s u l t i n g  eigenvalues  w i l l  be reasonably accu ra t e .  Even less 
is  known concerning t h e  manner of d i s t r i b u t i n g  t h e  c o l l o c a t i o n  p o i n t s  a long 
t h e  boundary although it  i s  g e n e r a l l y  presumed t h a t  t h e  d i s t r i b u t i o n  becomes 
less important  as t h e  number o f  co l loca t ion  p o i n t s  i n c r e a s e s .  I n  t h i s  s tudy  
the  first f o u r  n a t u r a l  frequency c o e f f i c i e n t s  were c a l c u l a t e d  and p l o t t e d  i n  
func t ion  o f  t h e  parameter  b / a  which governs t h e  l eng th  o f  t h e  s t a r  t i p s .  
When b / a  = 0,  t h e  b a r  is c i r c u l a r  and as b /a  i n c r e a s e s  t h e  star t i p  grows 
longer.  The s tudy  concludes t h a t ,  f o r  the problem under cons ide ra t ion ,  t h e  
c o l l o c a t i o n  method is very s e n s i t i v e  t o  t h e  d i s t r i b u t i o n  o f  c o l l o c a t i o n  po in t s .  
Furthermore, l i t t l e  convergence is demonstrated f o r  as many as seven col loca-  
t i o n  p o i n t s  taken wi th in  an a c t a n t  o f  t h e  boundary. I n  view of t h e  fact t h a t  
it is n o t  p o s s i b l e  t o  ob ta in  e x a c t ,  closed form s o l u t i o n s  i n  problems o f  t h i s  
t ype ,  procedures  f o r  o b t a i n i n g  upper and lower bounds on t h e  branches of t h e  
frequency equa t ion  are s o r e l y  needed. 
d e f i n i t i v e  s t a t emen t s  concerning error i n  approximate procedures.  
bounding t echn iques  f r e q u e n t l y  begin w i t h  estimates of t h e  eigenvalues .  Per -  
haps t h e  value o f  t h e  c o l l o c a t i o n  method l ies  i n  its a b i l i t y  t o  provide t h e s e  
e s t i m a t e s  f a i r l y  e a s i l y  and quickly.  

L i t t l e  is  known concerning convergence of t h e  col-  
I t  

Only then can w e  be expected t o  make 
Such 

J a i n  (36)  has  in t roduced  a new k ind  o f  c o l l o c a t i o n  procedure which elim- 
i n a t e s  some o f  t h e  d i f f i c u l t i e s  of t h e  boundary c o l l o c a t i o n  method r e f e r r e d  
t o  above. He refers t o  t h e  method as ' e x t r e m a l  p o i n t  c o l l o c a t i o n ' .  He has  
a p p l i e d  t h e  new method with s t r i k i n g  success  t o  t h e  s o l u t i o n  of s e v e r a l  
boundary value problems. 
i t e  number o f  c o l l o c a t i o n  po in t s .  
c o l l o c a t i o n .  
boundary cond i t ions  vanish at t h e  c o l l o c a t i o n  p o i n t s ,  as i n  boundary col lo-  
c a t i o n ,  i n  ex t r ema l  p o i n t  c o l l o c a t i o n  i t  i s  r e q u i r e d  t h a t  t h e  e r r o r  a t  ad- 
j a c e n t  c o l l o c a t i o n  p o i n t s  be e q u a l  i n  magnitude bu t  oppos i t e  i n  sign. Fur- 
thermore , t h e  e r r o r  a t  t h e  c o l l o c a t i o n  p o i n t s  must be l a r g e r  t han  t h a t  a t  any 
o t h e r  boundary po in t .  
r i v e s  i t s  name. I n  o r d e r  t o  s a t i s f a y  these  c o l l o c a t i o n  cond i t ions ,  an itera- 
t i v e  procedure is r e q u i r e d  by means of which t h e  d i s t r i b u t i o n  of c o l l o c a t i o n  
p o i n t s  is determined. Extrema1 p o i n t  c o l l o c a t i o n  has  two d i s t i n c t  advan- 
t ages .  
determined by t h e  method. 
t h e  maximum error o r  t h e  d i s t r i b u t i o n  of e r r o r .  
t i o n  t h e  e r r o r  can nowhere exceed t h a t  a t  t h e  c o l l o c a t i o n  p o i n t s  and t h e  
e r r o r  is uniformLy d i s t r i b u t e d  ove r  t h e  e n t i r e  boundary. 

-- 

The method r e q u i r e s  t h e  i n i t i a l  s e l e c t i o n  o f  a f i n -  
This s e l e c t i o n  is a r b i t r a r y  as i n  boundary 

I n s t e a d  o f  r e q u i r i n g  t h a t  t h e  e r r o r  i n  s a t i s f a c t i o n  of the  

I t  is from t h e  l a t t e r  cond i t ion  t h a t  t h e  method de- 

S e l e c t i o n  o f  t h e  c o l l o c a t i o n  p o i n t s  is  n o t  a r b i t r a r y ;  i n s t e a d  it i s  
I n  o rd ina ry  c o l l o c a t i o n  t h e r e  is  n o  c o n t r o l  over  

I n  extremal  p o i n t  co l loca -  

I n  R e f .  (37)  t h e  problem de f ined  by E q s .  ( 2 3 1 ,  (26)  and (27)  was so lved  
I n  t h i s  s tudy it is  shown t h a t  t h e  method 

The 

u s i n g  e x t r e m a l  p o i n t  c o l l o c a t i o n .  
is an effective technique f o r  t h e  c a l c u l a t i o n  of eigenvalues .  
t i v e l y  s imple  t o  use provided t h a t  a l a rge - sca l e  computer is a v a i l a b l e .  

It  is rela- 



method converges r a p i d l y  and y i e l d s  reasonably  a c c u r a t e  r e s u l t s  even f o r  a 
small number of c o l l o c a t i o n  p o i n t s .  
t h e r  s tudy  by means of  a method wherein t h e  e igenvalues  can be bounded. 

The ques t ion  of  accuracy r e q u i r e s  f u r -  

L e t  us r e t u r n  t o  t h e  boundary c o n d i t i o n s  given by Eqs. ( 2 0 )  f o r  f u r t h e r  
cons ide ra t ion .  If we s u b s t i t u t e  i n t o  Eqs. (20 )  from Eqs. (241, we o b t a i n  

S 

The q u a n t i t y  on t h e  l e f t  i s  t h e  normal d e r i v a t i v e  which d e f i n e s  t h e  ra te  o f  
change of Y i n  t h e  d i r e c t i o n  of  t h e  normal t o  S. Thus, t h e  boundary condi- 
t i o n  t h a t  r e q u i r e s  t h a t  t h e  l a te ra l  s u r f a c e  of t h e  ba r  be t r a c t i o n - f r e e  can 
a l s o  be w r i t t e n  i n  t h e  fo l lowing  form: 

S 
This  form sugges ts  t h a t  t h e r e  may be some advantage i n  formal ly  mapping t h e  
b a r  c ros s - sec t ion  onto  a u n i t  c i r c l e .  If t h e  conformal t r ans fo rma t ion  i s  
de f ined  by 

w = w ( 5 )  

i o  wherein w = re 
p lane ,  t h e  boundary cond i t ion  g iven  by Eq. ( 2 8 )  becomes 

d e f i n e s  t h e  r e a l  p lane  whi le  5 = Reiu d e f i n e s  t h e  complex 

R= 1 

(29)  

To be su re ,  s a t i s f a c t i o n  of t h i s  boundary cond i t ion  is a t r i v i a l  t a s k  c o m -  
pared t o  s a t i s f a c t i o n  of  t h e  boundary cond i t ion  g iven  by Eq. ( 2 8 ) .  
we should hasten t o  p o i n t  ou t  t h a t ,  by conformal t r ans fo rma t ion ,  we have 
s i m p l i f i e d  t h e  t a s k  o f  s a t i s f y i n g  t h e  boundary c o n d i t i o n s  but  w e  have com- 
p l i c a t e d  t h e  t a s k  of f i n d i n g  s o l u t i o n s  of t h e  d i f f e r e n t i a l  equat ion  of  motion 
s i n c e  i t ,  too ,  must be t ransformed.  
Laplacian ope ra to r  t ransforms accord ing  t o  

However, 

I t  can be shown& t h a t  t h e  p l ane ,  

&See, f o r  example, p. 629 of  Wylie (34) 
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I . 
and it fo l lows ,  t h e r e f o r e ,  t h a t ,  under the conformal t r ans fo rma t ion ,  Eq. (23)  
be come s 

~ 

I 
I t  is immediately c lear  t h a t  w e  w i l l  probably have d i f f i c u l t i e s  f i n d i n g  so lu -  
t i o n s  of t h i s  d i f f e r e n t i a l  equat ion.  
problem proves advantageous i n  c e r t a i n  circumstances. 

p r i n c i p l e  or  t h e  R i t z  method r e q u i r e  t r i a l  f u n c t i o n s  t h a t  s a t i s f y  t h e  bound- 
a r y  condi t ions.  I n  t h e  t ransform plane such t r i a l  f u n c t i o n s  can be formulated 
with l i t t l e  d i f f i c u l t y .  

Nevertheless ,  t h i s  formulat ion o f  t h e  
For example, common 

1 
4 approximate methods o f  s o l u t i o n  o f  problems o f  t h i s  type such as Rayleigh's 

I n  Ref. ( 3 8 )  conformal t ransformation is  used as o u t l i n e d  above i n  t h e  
s o l u t i o n  o f  t h e  problem o f  ax ia l - shea r  v i b r a t i o n s  of a s tar-shaped b a r  w i th  
a c ross - sec t ion  i n  t h e  form of a four-lobed ep i t rocho id .  The e p i t r o c h o i d a l  
boundary was chosen since its conformal mapping on to  t h e  u n i t  circle is  rela- 
t i v e l y  simple and s i n c e  it possesses  t h e  g e n e r a l  c h a r a c t e r i s t i c s  of t h e  s o l i d  
p r o p e l l a n t  rocket  g r a i n  p e r f o r a t i o n .  To s o l v e  t h e  problem i n  t h e  complex 
p l ane  t h e  c o l l o c a t i o n  method is a p p l i e d  wherein t h e  boundary cond i t ion  is 
i d e n t i c a l l y  s a t i s f i e d  and t h e  e r r o r  i n  s a t i s f a c t i o n  of t h e  d i f f e r e n t i a l  equa- 
t i o n  i s  c o l l o c a t e d  a t  a f i n i t e  number of p o i n t s  i n  t h e  i n t e r i o r  o f  t h e  u n i t  
circle.  The r e s u l t s  were considered favorable  though some d i f f i c u l t y  was en- 
countered with r ega rd  t o  t h e  s p a t i a l  d i s t r i b u t i o n  of c o l l o c a t i o n  p o i n t s .  

Among t h e  many methods a v a i l a b l e  f o r  t h e  s o l u t i o n  o f  e igenvalue problems 
t h e  methods of Rayleigh and Ritz are probably t h e  most familiar. 
methods y i e l d  upper bounds on t h e  eigenvalues  b u t ,  i n  t h e  absence of e x a c t  
va lues ,  it is d i f f i c u l t  t o  estimate t h e  e r r o r  i n  the  approximate s o l u t i o n .  
Temple ( 3 9 )  suggested a method f o r  e s t i m a t i n g  t h e  e r r o r  i n  each s t a g e  o f  an 
i t e r a t i o n  procedure d i r e c t e d  toward t h e  p r e c i s e  determinat ion o f  t h e  lowest  
e igenvalue.  
lower bound. 
bounds on a l l  e igenva lues  has  been developed independently by Kohn (40) and 
Kat0 (411,  as a g e n e r a l i z a t i o n  of Temple's method, This method was a p p l i e d  
i n  Ref. ( 4 2 )  f o r  t h e  c a l c u l a t i o n  o f  the n a t u r a l  f r equenc ie s  i n  ax ia l - shea r  
v i b r a t i o n s  o f  c i r c u l a r  and e p i t r o c h o i d a l  b a r s .  

i o r a t e d  somewhat f o r  t h e  high n a t u r a l  f requencies .  
p o i n t e d  o u t  t h a t  t h e  bounds can be improved a t  w i l l  i f  one is w i l l i n g  t o  ex- 

These 

Temple's method can be i n t e r p r e t e d  as one which e s t a b l i s h e s  t h e  
A very powerful method f o r  t h e  determinat ion of upper and lower 

The r e s u l t i n g  bounds were ex- 

However, it should be 
b tremely a c c u r a t e  f o r  t h e  fundamental n a t u r a l  frequency b u t  t h e  accuracy deter-  

I pend t h e  r e q u i s i t e  a d d i t i o n a l  e f f o r t .  

I n  an eigenvalue problem it is  r equ i r ed  t o  f i n d  one or more cons t an t s  A ,  
c a l l e d  e igenva lues ,  and corresponding func t ions  B , c a l l e d  e igen func t ions  , 
such t h a t  a d i f f e r e n t i a l  equat ion 
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, 
is  s a t i s f i e d  throughout a domain D s u b j e c t  t o  c e r t a i n  boundary cond i t ions  on 
t h e  boundary of D. 
dimensional continuum. For many eigenvalue problems M [. .] and N [. .] are 
Loth l i n e a r ,  s e l f - a d j o i n t ,  p o s i t i v e - d e f i n i t e ,  d e f f e r e n t i a l  o p e r a t o r s  with t h e  
o r d e r  of M g r e a t e r  t han  14. Under t h e s e  cond i t ions  t h e  e igenva lues  a r e  r e a l  
and p o s i t i v e  and t h e  e igen func t ions  form an or thogonal  se t .  
value does no t  appear i n  t h e  boundary c o n d i t i o n s ,  t h e  eigenvalue problem is 
c a l l e d  s p e c i a l  provided t h a t  t h e  o p e r a t o r  N has t h e  form 

I n  g e n e r a l ,  t h e  domain D may be e i t h e r  a one- or a two- 

When t h e  eigen-  

N c B 1  = gB 

where g is a p r e s c r i b e d  continuous func t ion  which is p o s i t i v e  throughout t h e  
domain D. 
problems becomes 

Thus, t h e  governing d i f f e r e n t i a l  equat ion f o r  s p e c i a l  e igenvalue 

We see immediately t h a t  Eqs. (23 )  and (31)  have t h i s  form and, s i n c e  t h e  
eigenvalue does n o t  appear  i n  t h e  boundary cond i t ion ,  i t  is clear t h a t  t h e  
a x i a l  s h e a r  v i b r a t i o n s  problem is a s p e c i a l  e igenvalue problem i n  both t h e  
real  and complex planes.  Therefore ,  w e  can m a k e  use o f  t h e  methods t h a t  have 
been developed f o r  s p e c i a l  e igenvalue problems . 
a procedure f o r  o b t a i n i n g  upper and lower bounds i n  s p e c i a l  e igenva lue  prob- 
lems. Using a t r i a l  func t ion  which sat isf ies  t h e  boundary c o n d i t i o n s ,  b u t  
n o t  n e c e s s a r i l y  the  d i f f e r e n t i a l  equa t ion ,  a few simple o p e r a t i o n s  are per- 
formed and t h e  upper and lower bounds r e s u l t .  However, t h e s e  bounds may n o t  
be very good unless  t he  t r i a l  func t ion  is c l o s e  t o  t h e  e x a c t  s o l u t i o n  o f  t h e  
problem. 
func t ion  i n d i c a t e s  t h a t  it might become much more u s e f u l  i f  a s y s t e m a t i c  pro- 
cedure were added for  "choosing" t h e s e  t r i a l  func t ions .  Such a procedure was 
developed by Appl and Zorowski (44) .  Another such method was developed i n  
R e f .  ( 4 5 )  and app l i ed  i n  t h e  s o l u t i o n  of t h e  a x i a l - s h e a r  v i b r a t i o n s  problem 
f o r  an e p i t r o c h o i d a l  ba r .  The bounds ob ta ined  w e r e  adequate and s u b j e c t  t o  
a d d i t i o n a l  refinement b u t  t h e  e f f o r t  involved is probably less than t h a t  re- 
q u i r e d  t o  ob ta in  Kohn-Kat0 bounds. 

C o l l a t  z (43)  has developed 

The fact  t h a t  t h e  method is  r e l a t i v e l y  simple t o  apply f o r  any given 

We have d i scussed  a number of techniques t h a t  should prove u s e f u l  i n  t h e  
s o l u t i o n  of t he  v i b r a t i o n s  problem f o r  t h e  r o c k e t  motor model c o n s i s t i n g  o f  
an i n f i n i t e l y - l o n g ,  c i r c u l a r  g r a i n  with a complicated i n t e r n a l  p e r f o r a t i o n ,  
i d e a l l y  bonded along i t s  o u t e r  pe r iphe ry  t o  a r i g i d  casing. 
t i v e  o f  these techniques r e q u i r e  t r i a l  f u n c t i o n s  t h a t  s a t i s f y  t h e  boundary 
cond i t ions ,  I t  is clear,  t h e r e f o r e ,  t h a t  a key requirement  is a technique 
f o r  conformally t ransforming t h e  c i r c u l a r  domain wi th  a complicated pe r fo ra -  
t i o n  onto a c i r c u l a r  annulus. 

The more effec- 

Wilson ( 4 6 )  has  developed such a technique 
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b u t  it is l i m i t e d  t o  t h e  case t h a t  t h e  web f r a c t i o n *  is r e l a t i v e l y  small. 
For example, Arango (47) has shown t h a t ,  when t h e  p e r f o r a t i o n  has  f o u r  axes 
o f  symmetry, t h e  e r r o r  i n  mapping t h e  e x t e r n a l  boundary i n c r e a s e s  r a p i d l y  
when t h e  web f r a c t i o n  i n c r e a s e s  beyond 0.5. When t h e  web f r a c t i o n  reaches 
t h e  value 0.9, t h e  o u t e r  boundary has  l o s t  a l l  semblance o f  a circle. 
e r r o r  arises due t o  t h e  fact  t h a t  Wilson t r e a t e d  t h e  conformal t r ans fo rma t ion  
o f  an i n f i n i t e  domain with a ho le  i n t o  another  such domain. 
while t h e  mapping func t ion  a c c u r a t e l y  t ransforms t h e  i n t e r n a l  boundary i n t o  
t h e  u n i t  circle,  t h e  e x t e r n a l  boundary t ransforms only approximately i n t o  a 
circle. R i m  and S t a f f o r d  (48)  have very r e c e n t l y  p re sen ted  a simple method 
of d e r i v i n g  approximate mapping funct ions i n  t h e  form o f  low o r d e r  polynomials 
which conformally t ransforms an annular  r eg ion  i n t o  one whose i n n e r  and o u t e r  
boundaries  are star-shaped and c i r c u l a r ,  r e s p e c t i v e l y .  
based on t h e  Schwarz-Chris toffel  t ransformation.  This  method has  t h e  same 
accuracy problems i n  t ransforming the o u t e r  boundary as Wilson's method. 
This concern with t h e  accuracy o f  t h e  t ransformation of t h e  e x t e r n a l  boundary 
is  o f  s u b s t a n t i a l  importance s i n c e ,  while t h e  web f r a c t i o n  may be r e l a t i v e l y  
small i n  t h e  unburned s o l i d  p r o p e l l a n t  g r a i n ,  i t  w i l l  i n c r e a s e  toward u n i t y  
as a consequence o f  t h e  burning process.  
it is  e s s e n t i a l  t o  develop techniques for t h e  conformal t r ans fo rma t ion  o f  
f i n i t e ,  doubly-connected domains. 

This 

Consequently, 

The d e r i v a t i o n  is  

I t  should be clear,  t h e r e f o r e ,  t h a t  

Laura (49)  has  developed such a technique based on numerical  i n t e g r a t i o n  
o f  a p a i r  of d u a l  i n t e g r a l  equa t ions  der ived by Kantorovich and Muratov (50) 
f o r  t h e  purpose o f  conformal t ransformation o f  an a r b i t r a r y ,  f i n i t e ,  doubly- 
connected region onto a c i r c u l a r  annulus. Laura demonstrates t h a t ,  i f  t h e  
domain under cons ide ra t ion  has  one or  more axes o f  symmetry and one o f  t h e  
boundaries  is a circle,  t h e  system o f  two i n t e g r a l  equa t ions  s i m p l i f i e s  con- 
s i d e r a b l y .  S e v e r a l  i l l u s t r a t i v e  t ransformations are p resen ted  i n c l u d i n g  t h e  
t r ans fo rma t ion  o f  a domain which is t y p i c a l  o f  a s o l i d  p r o p e l l a n t  r o c k e t  
motor. The accuracy o f  t h e  technique is excep t iona l .  

For purposes o f  i l l u s t r a t i o n ,  l e t  us cons ide r  a g r a i n  c ros s - sec t ion  with 
4 axes o f  symmetry. 
tween t h e  heavi ly-accented i n n e r  and o u t e r  boundaries.  
is  a circle with a r a d i u s  of 1 8  inches while  t h e  i n n e r  boundary has  a maximum 
r a d i u s  o f  9-inches and a minimum rad ius  o f  3-inches. The i n n e r  and o u t e r  
boundaries  are f u r t h e r  i d e n t i f i e d  w i t h  t h e  cap t ions  R = 1.0 and R = b = 2.61, 
r e s p e c t i v e l y .  
formally t r ans fo rm (approximately b u t  w i th  more than  adequate accuracy) t h e  
domain between t h e  i n n e r  and o u t e r  boundaries i n  Fig. 1 onto a c i r c u l a r  

An o c t a n t  o f  t h i s  c ros s - sec t ion  is  shown i n  Fig. 1 be- 
The o u t e r  boundary 

A mapping func t ion  o f  t he  fo l lowing  form was used t o  con- 

* Web f r a c t i o n  is  de f ined  as t h e  r a t i o  of t h e  diameter  o f  t h e  circle circum- 
s c r i b i n g  t h e  i n n e r  boundary of a doubly connected region t o  t h e  diameter  of 
t h e  circle circumscribing t h e  o u t e r  boundary. 
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I 

Fig. 1 F i r s t  approximation t o  a set of  burning curves f o r  a t y p i c a l  s o l i d  
prope l l a n t  rocke t  mot o r  

annulus with u n i t  i n n e r  r ad ius :  

wherein p denotes t h e  number of axes of symmetry. 
of symmetry and, t h e r e f o r e ,  w e  took p = 4. 
was used;  i.e., we took M = 1 and N = 10. 

i n  Eq. (32) were eva lua ted  by Laura's  method. 
seven a d d i t i o n a l  c i r c l e s  i n  t h e  complex p l a n e ,  i n t e rmed ia t e  between t h e  
i n n e r  and ou te r  boundaries ,  were t ransformed on to  t h e  curves shown i n  Fig. 1. 

complex plane upon which it maps. Thus, t h e  curve R = 1.6 t ransforms i n t o  
t h e  circle w i t h  r ad ius  1.6,  t h e  curve R = 2.0 t ransforms i n t o  t h e  c i rc le  wi th  
r a d i u s  20, etc. 
p r o p e l l a n t  rocke t  motor a t  seven i n s t a n t s  of time between i g n i t i o n  and burn- 
ou t  and t o  p l o t  t h e  shape o f  t h e  i n n e r  boundary at each time, t h e  so -ca l l ed  
'burning curves' would be obtained.  The r e s u l t i n g  contours  would look much 

I n  t h i s  case we had 4 axes 
A twelve term mapping func t ion  

A l a r g e r  number of  terms would 
have r e s u l t e d  i n  a more accu ra t e  mapping. The unknown c o e f f i c i e n t s ,  A lfdip 

c Using t h i s  mapping f u n c t i  

Each of the contours  shown is  i d e n t i f i e d  by t h e  r a d i u s  of t h e  c i rc le  i n  t h e  i 

If one were able t o  s t o p  t h e  burn ing  process  i n  a s o l i d  
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l i k e  t h e  curves of  Fig. 1. Thus, as a f i rs t  approximation, we r ega rd  t h e  con- 
t o u r s  of  Fig. 1 as a se t  of  burning curves f o r  a t y p i c a l  s o l i d  p r o p e l l a n t  
rocke t  motor. 
curves  were given,  they  could be conformally transformed onto  circles i n  t h e  
complex p lane  wi th  excep t iona l  accuracy using Laura's method. 

I n c i d e n t a l l y ,  it should be poin ted  out  t h a t ,  i f  a c t u a l  burn ing  

With t h e  mapping func t ion  known it i s  no t  a d i f f i c u l t  t a s k  t o  c a l c u l a t e  
t h e  n a t u r a l  f requencies  i n  t h e  ax ia l - shear  mode f o r  each o f  t h e  reg ions  o f  
Fig. 1. 
change dur ing  t h e  burn ing  process .  There are any number o f  approximate pro- 
cedures  a v a i l a b l e  f o r  t h i s  ca l cu la t ion .  We choose t o  use Galerk in ' s  method. 
The app l i cab le  equat ion  o f  motion is given by Eq. (31)  which w e  choose t o  
rewrite as fo l lows:  

The r e s u l t s  would provide e s t ima tes  o f  how the  n a t u r a l  f requencies  

a 2Y - 1 + -  3 1  

wherein 

2 

(33a) 

The q u a n t i t y  g(R, p ) was c a l c u l a t e d  using Eq. (32).  
a ry  cond i t ions  are 

The appropr i a t e  bound- 

Y j  = o  
P=b 

R=a 

The first of t h e s e  cond i t ions  expresses  t h e  fac t  t h a t  t h e  displacement a t  t h e  
o u t e r  pe r iphe ry  of t h e  g r a i n  must  vanish s i n c e  t h e  g r a i n  is i d e a l l y  bonded t o  
a r i g i d  case. The second condi t ion  above expresses  t h e  fact  t h a t  t h e  i n n e r  
contour  is free of t r a c t i o n s .  The quan t i ty  a w i l l  t ake  on 7 d i f f e r e n t  va lues  
cor responding  t o  t h e  7 d i f f e r e n t  burning curves i n  Fig. 1. The fo l lowing  



t r i a l  func t ion ,  s a t i s f y i n g  t h e  boundary cond i t ions ,  was used: 

We have chosen t o  ignore  the  p -dependency, which we are at  l i b e r t y  t o  do 
s i n c e  we are a t t empt ing  an approximation. 
c luded,  t h e  r e s u l t i n g  approximation would have been b e t t e r  than t h a t  ob ta ined  
us ing  Eq. (35) .  
i .e.,  S = 1. S u b s t i t u t i o n  f r o m  Eq. (35)  i n t o  Eq. (33a)  r e s u l t s  i n  

If t h e  p -dependency had been in -  

For t h e s e  c a l c u l a t i o n s  w e  used a one-term t r i a l  f u n c t i o n ;  

wherein 
s i n c e ,  i n  g e n e r a l ,  Wn is n o t  an eigenfunct ion.  
t h a t  t h e  error func t ion  
Wn( R) throughout t he  domain of i n t e r e s t  ; i .e ,  , 

d R , p  ) is an error func t ion  which does n o t ,  i n  g e n e r a l ,  vanish 
Ga le rk in ' s  method r e q u i r e s  

E ( R ,  p) be or thogonal  t o  t h e  t r i a l  f u n c t i o n s  

1 E ( R ,  u )  Wn ( R )  dD = 0,  ( n  = 1,2,.. . . , ,S) 
D 

(37)  

Performing the  i n d i c a t e d  i n t e g r a t i o n  r e s u l t s  i n  S homogeneous, l i n e a r ,  a lge-  
g r a i c  equat ions i n  t h e  S unknown c o n s t a n t s  Bn. 
t i o n  by r e q u i r i n g  t h a t  t h e  determinant  of t h e  c o e f f i c i e n t s  of t h e  unknowns 
vanish i d e n t i c a l l y .  This frequency equa t ion  was so lved  7 times f o r  t h e  lowest 
n a t u r a l  c i r c u l a r  frequency c o e f f i c i e n t  corresponding t o  t h e  7 d i f f e r e n t  va lues  
of a. The r e s u l t s  have been p l o t t e d  i n  Fig. 2. The h o r i z o n t a l  coord ina te  i n  
Fig. 2 is the  web f r a c t i o n  b u t ,  s i n c e  t h e  web f r a c t i o n  w i l l  be  a f u n c t i o n  of 
time as t h e  burning p rocess  proceeds,  t h e  p l o t  i n  F i g .  2 shows t h e  v a r i a t i o n  
of t h e  lowest n a t u r a l  c i r c u l a r  frequency c o e f f i c i e n t  w i th  t i m e  throughout t h e  
burning process  from i g n i t i o n  t o  burnout.  We see t h a t  t h e  n a t u r a l  frequency 
i n c r e a s e s  r a p i d l y  as t h e  motor burns o u t  which is n o t  an unexpected r e s u l t .  
Such information is  o f  extreme importance i n  t h e  design of a guidance loop f o r  
t h e  veh ic l e  i n  which t h e  motor is  t o  be used. 

We o b t a i n  a frequency equa- 

I t  has been demonstrated t h a t  s u b s t a n t i a l  p r o g r e s s  has  been made con- 
ce rn ing  the t r ea tmen t  o f  complicated g r a i n  p e r f o r a t i o n s  when t h e s e  passages 
are s u b s t a n t i a l l y  two-dimensional. 
t i o n  by Laura's method should open t h e  door  t o  t h e  use o f  a v a r i e t y  of accept-  
a b l e  methods f o r  c a l c u l a t i n g  n a t u r a l  f r e q u e n c i e s  i n  v a r i o u s  modes of v i b r a t i o n  
and t o  the s tudy of va r ious  s t e a d y - s t a t e  wave propagat ion and fo rced  v ib ra -  
t i o n s  problems. I n c i d e n t a l l y ,  it is worth p o i n t i n g  out  t h a t  Laura's  method 

Conformal t r ans fo rma t ion  of t h e  perfora-  
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Fig. 2 Varia t ion  of  t h e  fundamental  n a t u r a l  c i r c u l a r  frequency c o e f f i c i e n t  
i n  t h e  ax ia l - shea r  mode with web f r a c t i o n  f o r  a typica.l s o l i d  propel-  
l a n t  rocke t  motor 

i s  e q u a l l y  app l i cab le  t o  t h e  s tudy  of problems wherein i n e r t i a l  e f f e c t s  a r e  
unimportant such as q u a s i - s t a t i c  i n t e r n a l  p r e s s u r i z a t i o n .  Thus far  only 
a x i a l - s h e a r  modes of v i b r a t i o n  have been cons idered  f o r  g r a i n s  w i t h  compli- 
c a t e d  p e r f o r a t i o n s .  
wave propagat ion  s t u d i e s .  
l y  wi th  d i s t a n c e  p a r a l l e l  t o  t h e  motor ax i s ,  a p p l i c a t i o n  of  t h e s e  two-dimen- 
s i o n a l  methods becomes ques t ionable .  
p l i s h e d  on t h e s e  three-dimensional  problems. I t  would seem t h a t  f u t u r e  work 
i n  t h i s  area w i l l  be  confined t o  t h e  app l i ca t ion  of f i n i t e  d i f f e r e n c e  tech-  
n iques .  

Addi t iona l  e f f o r t  is r e q u i r e d  on t r a n s v e r s e  modes and i n  
\!hen t h e  geometry of t h e  p e r f o r a t i o n  v a r i e s  rap id-  

L i t t l e ,  i f  any, work is be ing  accom- 

‘de come now t o  t h e  cons ide ra t ion  of t h e  u l t ima te  ref inement  of  our  model 
o f  a s o l i d  p r o p e l l a n t  rocke t  motor; cons idera t ion  of  a model of f i n i t e  length .  
Most of  t h e  modern s o l i d  p r o p e l l a n t  rocke t  motors are s h o r t  with length-to- 
d iameter  ra t ios  of t h e  o r d e r  of u n i t y  not uncommon. L i t t l e  has been accom- 
p l i s h e d  wi th  t h e  s tudy  of such dynamic problems. However, much is  be ing  done 
wi th  q u a s i - s t a t i c  problems of t h i s  na tu re ,  p a r t i c u l a r l y  us ing  f i n i t e  d i f f e r -  
ence schemes of va r ious  types.  The development of  understanding of  f i n i t e  
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l ength  e f f e c t s  and t h e  s tudy  of t h e  v a l i d i t y  o f  our  two-dimensional r e s u l t s  
when appl ied t o  r e l a t i v e l y  s h o r t  motors are probably the  most impor tan t  un- 
so lved  problems i n  s o l i d  p r o p e l l a n t  motor dynamics today. Some l i t t l e  work is 
be ing  accomplished bu t  t h e r e  i s  a n o t i c e a b l e  lack o f  l i t e r a t u r e  on t h e  subject. 
We should c a l l  a t t e n t i o n  t o  t h e  exper imenta l  s tudy  of the  v i b r a t i o n s  of s h o r t ,  
s o l i d  e l a s t i c  cy l inde r s  due t o  McMahon ( 5 1 ) .  
formed and comparisons with a v a i l a b l e  theory  presented .  However, t h e  a v a i l -  
ab l e  t h e o r i e s  were l i m i t e d  t o  t h i c k  d i sk  and Timoshenko beam t h e o r i e s .  I t  
should be clear t h a t  much f u t u r e  e f f o r t  should be expended i n  t h e  area o f  
f i n i t e  length cy l inde r s .  

Extensive experiments  were per- 

VISCOELASTIC GRAINS 

The s tudy  of  e las t ic  g r a i n s  has  been reasonably a c t i v e  as can be judged 
from the  d e t a i l  o f  our  d i scuss ion  t h e r e o f ,  This is as it should  be s i n c e ,  
because of t h e  e l a s t i c - v i s c o e l a s t i c  correspondence p r i n c i p l e  ,>? s o l u t i o n s  of 
e l a s t i c  gra in  problems are i n t i m a t e l y  r e l a t e d  t o  the  s o l u t i o n s  of  v i s c o e l a s t i c  
g r a i n  problems. This p r i r i c ip l e  s ta tes  t h a t  t h e  Laplace- or Fourier- t ransformed 
s o l u t i o n  of a v i s c o e l a s t i c  problem can be obta ined  from t h e  Laplace- or 
Fourier-transformed s o l u t i o n  o f  t h e  a s s o c i a t e d  e l a s t i c  problem by r e p l a c i n g  
t h e  elastic cons t an t s  t h e r e i n  wi th  appropr i a t e  func t ions  of  t h e  Laplace or 
Four i e r  t ransform ?ammeter. 
can always obta in  t h e  v i s c o e l a s t i c  s o l u t i o n  a s s o c i a t e d  wi th  a given e las t ic  
s o l u t i o n .  I n  p r a c t i c e ,  t h e  s i t u a t i o n  is n o t  q u i t e  so s t r a igh t - fo rward  s i n c e  
inve r s ion  of the  v i s c o e l a s t i c  s o l u t i o n  remains t o  be accomplished. To be 
s u r e ,  exac t  i nve r s ion  is always p r e f e r a b l e  when poss ib l e .  
s i t u a t i o n  t h i s  is  r a r e l y  p o s s i b l e  s i n c e  t h e  q u a n t i t i e s  r e p l a c i n g  t h e  e l a s t i c  
cons t an t s  are usua l ly  measured material p rope r ty  func t ions  of  t he  Laplace or 
Four i e r  transform parameter  a v a i l a b l e  only i n  curve or t a b u l a r  form. 
should be c lear ,  t h e r e f o r e ,  t h a t  a cons iderable  e f f o r t  should be mounted con- 
ce rn ing  approximate techniques f o r  performing Laplace and Four i e r  t rmsfo rma-  
t i o n s  and inve r s ions .  I n  t h i s  r ega rd  w e  should  mention t h e  methods d i scussed  
by Schapery ( 5 6 )  and Cost ( 5 7 )  f o r  t h e  Laplace t ransform and by Solodovnikov 
(58)  and Papoulis ( 5 9 )  f o r  t h e  Four i e r  t ransform.  Assuming t h a t  approximate 
inve r s ion  methods w i l l  be a v a i l a b l e ,  our  p r i n c i p a l  concern should  be  wi th  
e l a s t i c  problems s i n c e  t h e s e  could be r e a d i l y  converted t o  v i s c o e l a s t i c  so lu-  
t i o n s .  Clear ly ,  t h e r e f o r e ,  t hose  d i f f i c u l t i e s  t h a t  arise i n  e l a s t i c  problems 
w i l l  remain wi th  us i n  v i s c o e l a s t i c  problems; f o r  example, t h e  f i n i t e  l eng th  
d i f f i c u l t y  is s t i l l  troublesome. 
e l a s t i c  problems p r e s e n t  no  fundamental  d i f f i c u l t i e s  t h a t  are n o t  i n h e r e n t  i n  
t h e  a s soc ia t ed  e las t ic  problems ; the  computa t iona l  problem is more complicated 
and ted ious  but  t h e  b a s i c  q u a l i t i e s  of t h e  two types  of problems remain t h e  
s ame . 

Therefore ,  i n  p r i n c i p l e ,  it would seem t h a t  one 

I n  t h e  p r a c t i c a l  

I t  

Summarizing, i t  seems e v i d e n t  t h a t  v i sco-  

%See A l f r e y  (521,  Lee (53)  and S ips  ( 5 4 ,  55)  
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Because of t h e  i n t i m a t e  r e l a t i o n s h i p  of e las t ic  and v i s c o e l a s t i c  problems * and because of our  r a t h e r  lengthy  d i scuss ion  o f  e las t ic  g r a i n  problems, w e  
s h a l l  no t  be labor  t h e  v i s c o e l a s t i c  problem area. 
f e w  p e r t i n e n t  i n v e s t i g a t i o n s  and p resen t  an i l l u s t r a t i v e  s o l u t i o n ,  j u s t  enough 
t o  impart  t h e  f l a v o r  of t h e  problem. 

However, we w i l l  mention a 

Gottenberg ( 6 0 )  has  r epor t ed  t h e  r e s u l t s  o f  an experimental  i n v e s t i g a t i o n  
of  s t e a d y - s t a t e ,  t r a n s v e r s e  v i b r a t i o n s  of  a long,  s tee l  c y l i n d r i c a l  tube  con- 
t a i n i n g  an i n e r t  p r o p e l l a n t  wi th  a c i r c u l a r  pe r fo ra t ion .  Many bending modes 
were de tec t ed  and t h e  resonant  f r equenc ie s  and mode shapes compared wi th  t h e  
p r e d i c t i o n s  of a Timoshenko beam theory  i n  which t h e  bending s t i f f n e s s  o f  t h e  
p r o p e l l a n t  was neglec ted  r e l a t i v e  t o  t h e  cas ing  s t i f f n e s s  but t h e  a d d i t i o n a l  
mass o f  t h e  i n e r t  p r o p e l l a n t  was included.  
for  engineer ing  purposes .  
i n g  modes o t h e r  than  bending modes. However, one axisymmetric,  l o n g i t u d i n a l  
mode and a few b rea th ing  modes were i d e n t i f i e d .  No theory  was a v a i l a b l e  f o r  
comparison with t h e s e  modes. 

The comparisons were q u i t e  adequate 
S u b s t a n t i a l  d i f f i c u l t i e s  were encountered i n  d e t e c t -  

Henry and Freudenthal  (61)  r epor t ed  the  r e s u l t s  o f  an  ex tens ive  a n a l y t i c a l  
i n v e s t i g a t i o n  of t h e  s t e a d y - s t a t e ,  forced  v i b r a t i o n s  o f  a thick-walled visco-  
e l a s t i c  c y l i n d e r  conta ined  by and bonded t o  a t h i n ,  c y l i n d r i c a l  s h e l l .  
axisymmetric s o l u t i o n s  were considered.  Complex frequency response func t ions  
were determined which may be  e a s i l y  used f o r  a r b i t r a r y  and random i n p u t s  by 
means of  t h e  we l l - e s t ab l i shed  methods o f  genera l ized  harmonic a n a l y s i s .  The 
s tudy  is broken down i n t o  t h r e e  s t e p s :  (1) t h e  thick-walled c y l i n d e r ,  ( 2 )  t h e  
t h i n  s h e l l ,  and ( 3 )  t h e  composite c y l i n d e r .  
c y l i n d e r  t h e  s o l u t i o n s  of  Eqs. ( 1 )  - ( 5 )  a r e  developed i n  t h e  usua l  manner ex- 
panding t h e  normal t r a c t i o n s  on t h e  i n n e r  boundary and t h e  normal and tangen- 
t i a l  t r a c t i o n s  on t h e  o u t e r  boundary i n  Four ie r  t r i gonomet r i c  series i n  t h e  
a x i a l  coord ina te .  The boundary cond i t ions  on t h e  la teral  s u r f a c e s  are i d e n t i -  
c a l l y  s a t i s f i e d  b u t ,  r a t h e r  than  r e q u i r i n g  t h e  a x i a l  normal and shee r  stresses 
t o  vanish  over  t h e  ends ,  t h e  a x i a l  normal stress and t h e  r a d i a l  displacement 
are r e q u i r e d  t o  vanish.  As a consequence of t h i s  r e l a x a t i o n  o f  t h e  boundary 
c o n d i t i o n s ,  t h e  p h y s i c a l  s i g n i f i c a n c e  of t he  r e s u l t s  has  been obscured t o  a 
c e r t a i n  e x t e n t .  The d i f f e r e n c e  between t h i s  ' f i n i t e - l e n g t h '  s o l u t i o n  and t h e  
i n f i n i t e - l e n g t h  s o l u t i o n  i s  no t  c l e a r .  I n  o r d e r  t o  o b t a i n  t h e  v i s c o e l a s t i c  
s o l u t i o n ,  t h e  e l a s t i c - v i s c o e l a s t i c  correspondence p r i n c i p l e  is invoked wherein, 
f o r  a forced  v i b r a t i o n s  problem, t h e  elastic c o n s t a n t s  are rep laced  by complex 
material p r o p e r t i e s  f u n c t i o n s  of  frequency. 
t h i n  e las t ic  cas ing  and a h igher -order  s h e l l  theory  is  included i n  an appendix. 
The l a t t e r  should  be used when t h e  membrane theo ry  i s  inadequate;  f o r  example, 
f o r  e x t e r n a l  l oads  o f  a c o u s t i c  na tu re .  The assumption t h a t  t h e  p r o p e l l a n t  and 
case f o r m  a cont inuous s t r u c t u r e  a t  t h e i r  i n t e r f a c e  r e q u i r e s  c o n t i n u i t y  of  d i s -  
placements  and,  t h e r e f o r e ,  produces s t rong  coupl ing o f  t h e  motions of  g r a i n  and 
cas ing .  
i n t e r a c t i o n  i s  t r e a t e d  r igo rous ly .  
and a l a r g e  volume o f  numerical  r e s u l t s  i s  presented  f o r  t h e  fundamental r a d i a l  
mode. 

Only 

For a th ick-wal led ,  e l a s t i c  

Membrane theo ry  is used for t h e  

T h i s  coupl ing  is considered of primary importance and,  t h e r e f o r e ,  t h e  
The i n t e r n a l  p re s su re  is taken  as harmonic 

I t  is concluded " t h a t  any a n a l y s i s  o f  a s o l i d  f u e l  rocke t  motor which 
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does no t  t a k e  i n t o  cons ide ra t ion  t h e  v i s c o e l a s t i c  effects o f  t h e  p r o p e l l a n t  
would not g i v e  a t r u e  o v e r a l l  p i c tu re" .  Another important  obse rva t ion  is ar- 
r i v e d  a t  by varying t h e  g r a i n  geometry i n  s imula t ion  o f  t h e  s ta te  of t h e  com- 
p o s i t e  s t r u c t u r e  a t  va r ious  s t a g e s  of  t h e  burning process .  The r e s u l t s  i n d i -  
cate t h a t ,  f o r  c e r t a i n  ranges o f  f requency,  t h e r e  occur s  a cons ide rab le  in-  
crease i n  t h e  ampli tudes of stress and displacements .  The impl i ca t ion  is  t h a t  
t h e  c r i t i c a l  pe r iod  i n  rocke t  ope ra t ion  would occur  i n  t h e  l a te r  s t a g e s  o f  t h e  
burning process  when t h e  p r o p e l l a n t  is  almost  completely burned o u t .  
t h e  important f r equenc ie s  might be c l o s e  t o  t h e  fundamental r a d i a l  mode o f  t h e  
cas ing  . 

r 

Thus, 

I n  Ref. (62)  t h e  stress response t o  p r e s s u r e  t r a n s i e n t s  has  been i n v e s t i -  
ga ted  i n  an i n f i n i t e l y - l o n g ,  two-layered c y l i n d e r  having a t h i n ,  incompressible  
e las t ic  o u t e r  l a y e r  and an i n n e r  layer  o f  an incompressible ,  two-parameter 
Voigt ma te r i a l .  
model o f  a s o l i d  p r o p e l l a n t  rocket motor. 
concerned t h e  c i r c u m f e r e n t i a l  stress response o f  t h e  case t o  t h e  p r e s s u r e  
t r a n s i e n t s  induced a t  i g n i t i o n  i n  t h e  g r a i n  p e r f o r a t i o n .  
s u r e  programs were s t u d i e d  i n  some d e t a i l :  a square  i g n i t i o n  p u l s e  and a 
t r i a n g u l a r  i g n i t i o n  pu l se  followed by a p r e s s u r e ,  cons t an t  i n  t i m e .  
t h e  e las t ic  problem first and then  invoking t h e  correspondence p r i n c i p l e  t o  
o b t a i n  t h e  v i s c o e l a s t i c  s o l u t i o n ,  it was shown t h a t  t h e  stress response is 
r a t h e r  i n s e n s i t i v e  t o  t h e  shape of t h e  pu l se .  
t h a t  t h e  dura t ion  o f  t h e  t r a n s i e n t  is important .  When t h e  du ra t ion  o f  t h e  
t r a n s i e n t  is an o r d e r  o f  magnitude smaller than  t h e  n a t u r a l  pe r iod  of t h e  cy l -  
i n d e r  i n  t h e  r a d i a l  mode, t h e  stress response b a r e l y  reflects t h e  presence  of 
t h e  i g n i t i o n  pu l se .  However, as t h e  d u r a t i o n  of  t h e  t r a n s i e n t  approaches t h e  
n a t u r a l  per iod ,  t h e  c i r c u m f e r e n t i a l  stress approaches t h e  stress l e v e l  corres- 
ponding t o  t h e  p re s su re  magnitude of  t h e  t r a n s i e n t .  The impl i ca t ion  as fa r  as 
cas ing  and i g n i t e r  des ign  should be ev iden t .  If one is t o  economize on cas ing  
weight but  nonethe less  main ta in  r a p i d  and p o s i t i v e  i g n i t i o n ,  t h e  i g n i t e r  must 
be designed such t h a t  t h e  p re s su re  t r a n s i e n t  w i l l  p e r s i s t  f o r  a t i m e  no l a r g e r  
than  one o rde r  o f  magnitude smaller than t h e  n a t u r a l  pe r iod  o f  t h e  motor i n  t h e  
r a d i a l  mode. 

This  composite structure was t aken  as a crude mathematical  
The p a r t i c u l a r  problem o f  i n t e r e s t  

Two d i f f e r e n t  p re s -  

By so lv ing  

However, it was a l s o  demonstrated 

Locket t (63)  presented  t h e  r e s u l t s  of a s tudy  of s i g n i f i c a n t  importance wi th  
r ega rd  t o  t h e  a n a l y s i s  of t r a n s i e n t  responses  i n  v i s c o e l a s t i c  materials. 
d i scussed  the  e f f e c t  produced by a r a p i d ,  but  no t  d i scon t inuous ,  change i n  pres -  
s u r e  a t  t h e  s u r f a c e  of a s p h e r i c a l  c a v i t y  i n  an i n f i n i t e ,  v i s c o e l a s t i c  medium. 
Invoking the  correspondence p r i n c i p l e ,  Locket t  o b t a i n s  t h e  s o l u t i o n  t o  t h e  
v i s c o e l a s t i c  problem from t h e  Four i e r  t ransform of t h e  a s s o c i a t e d  e las t ic  
problem by r ep lac ing  t h e r e i n  t h e  e las t ic  s h e a r  and bulk moduli wi th  t h e  v isco-  
e l a s t i c  complex s h e a r  and bulk modulus f u n c t i o n s  of c i r c u l a r  f requency.  Thus, 
he is subsequent ly  concerned wi th  performing i n v e r s e  t r ans fo rma t ions .  
t h e  manner of performing t h e s e  i n v e r s i o n s  t h a t  is s i g n i f i c a n t .  
i ng  t o  t h e  a c t u a l  
func t ions  t h a t  should be used and t h e  c h a r a c t e r  of t h e  pressure- t ime h i s t o r y .  
Most s o l u t i o n s  t o  v i s c o e l a s t i c  problems appear ing  i n  t h e  l i t e r a t u r e  are e i t h e r  

He 

It is 
Before proceed- 

inve r s ion  procedure,  Locket t  d i s c u s s e s  t h e  n a t u r e  of modulus 



. l e f t  i n  t h e  i n t e g r a l  form o r  are s p e c i a l i z e d  t o  some s imple spring-dashpot 
r e p r e s e n t a t i o n  f o r  t h e  complex moduli. However, it has been shown by Kolsky 
and Sh i  (64)  t h a t ,  i n  g e n e r a l ,  t h e s e  simple models do n o t  adequa te ly  r e p r e s e n t  
t h e  behavior  o f  real ,  v i s c o e l a s t i c  materials. Thus, i f  on ly  t h e  s o l u t i o n  t o  
a p a r t i c u l a r  problem is r e q u i r e d ,  it would seem a d v i s a b l e  t o  use t h e  expe r i -  
mental  d a t a  d i r e c t l y  i n  t h e  numerical  inversion of t h e  Fourier-transformed 
s o l u t i o n s .  If it is d e s i r e d  t o  keep a number o f  parameters i n  t h e  s o l u t i o n ,  
t hen  mathematical  models should be chosen which f i t  t h e  experimental  d a t a  w e l l ,  
even though t h e y  may n o t  correspond t o  a simple spring-dashpot c o n f i g u r a t i o n .  
The s imple forms of modulus f u n c t i o n s  corresponding t o  spring-dashpot models 
only have an advantage i n  t h e  s o l u t i o n  of simple problems when it may be pos- 
s i b l e  t o  e v a l u a t e  t h e  i n t e g r a l s  e x p l i c i t l y .  I n  h i s  subsequent numerical  work 
Lockett  t a k e s  a cons t an t  bulk modulus; i .e . ,  he assums t h a t  t h e  material is 
elast ic  i n  d i l a t a t i o n ,  and f o r  t h e  complex shear modulus he uses  an a n a l y t i c a l  
expres s ion  t h a t  has  been de r ived  from curve f i t t i n g  t o  experimental  measurements 
performed on rea l ,  v i s c o e l a s t i c  materials. For a pressure- t ime h i s t o r y  Lockett  
selects a t i m e  f u n c t i o n  which has  t h e  following complex F o u r i e r  t ransform: 

0, 0 < o < w  - - 1  I 

wherein t h e  range ( q, 9) d e f i n e s  t h e  range i n  which a c c u r a t e  measurements 
are a v a i l a b l e  of t h e  complex s h e a r  modulus. It fo l lows  t h a t ,  s i n c e  t h e  Four i e r  
transform of t h e  pressure- t ime h i s t o r y  is a f a c t o r  i n  t h e  transformed s o l u t i o n ,  
t h e  e x a c t  s o l u t i o n  i n  both t h e  e las t ic  and v i s c o e l a s t i c  problems is a f i n i t e  
i n t e g r a l  ove r  t h e  range ( 
known. 
F o u r i e r  t r ans fo rm given by Eq. ( 3 8 ) :  

y, 9) wi th in  which t h e  s h e a r  modulus is  a c c u r a t e l y  
The fol lowing pressure- t ime h i s t o r y  is ob ta ined  by inve r s ion  o f  t h e  

where S i ( x )  deno tes  t h e  s i n e  i n t e g r a l  which has  been t a b u l a t e d  by Jahnke and 
Emde (65) and Abramowitz and Stegun (66), among o t h e r s .  
l a r g e r  t h a n  W i t h i s  p r e s s u r e  program has t h e  shape shown i n  Fig. 3 .  Lockett  
c o n s i d e r s  t h i s . l o a d i n g  i n  i t s  own r i g h t  and n o t  as an approximation t o  an 
e x a c t l y  s q u a r e  load ing .  The l a t t e r  is n o t  o b t a i n a b l e  i n  p r a c t i c e ,  so t h e  load- 
i n g  shown i n  Fig.  3 is  more realist ic.  Obviously, t h e  rise-time o f  t h e  pres-  
s u r e  program can be made s h o r t e r  by i n c r e a s i n g  o 2  up t o  t h e  upper l i m i t  o f  t h e  

For  w2 very much 
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Fig .  3 F i r s t  ve r s ion  o f  t h e  a l t e r n a t e  p re s su re  program 

frequency range  i n  which t h e  s h e a r  modulus is wel l -def ined.  The Four i e r  inver -  
s i o n s  of  t h e  transformed s o l u t i o n s  are now performed numer ica l ly  s i n c e  i n t e g r a -  
t i o n  is over a f i n i t e  frequency range only .  Lockett  completes t h e  s o l u t i o n  and 
a r r i v e s  a t  some i n t e r e s t i n g  conclus ions  concerning t h e  d i f f e r e n c e s  between 
e las t ic  and v i s c o e l a s t i c  s o l u t i o n s .  

Making use of Locke t t ' s  sugges t ions  t h e  problem o f  dynamic i n t e r n a l  pres -  
s u r i z a t i o n  was solved i n  Ref. ( 6 7 )  f o r  an i n f i n i t e l y - l o n g ,  incompress ib le ,  
v i s c o e l a s t i c  c y l i n d e r  case-bonded t o  a t h i n  e las t ic  tank .  
h i s t o r y  of Fig.  3 has  some of  t h e  c h a r a c t e r  of a pressure- t ime program of a 
s o l i d  p rope l l an t  rocke t  motor but  it has  two important  d e f i c i e n c i e s :  
p l i e d  p re s su re  is negat ive  f o r  time less  than  ze ro  and t h e  p r e s s u r e  r ise starts 
a t  nega t ive  time. 
s h i f t i n g  of axes  SO t h a t  Eq. ( 3 9 )  becomes 

The pressure- t ime 

t h e  ap- 

o f  t h e s e  d e f i c i e n c i e s  were c o r r e c t e d  by a p p r o p r i a t e  Both 

V 

This  expression 
4 .  We s e e  t h a t  

d e f i n e s  t h e  one-parameter,  w 2 / y ,  family of curves  shown i n  F ig .  
t h e s e  curves possess  most of t h e  c h a r a c t e r i s t i c s  of a c t u a l  

pressure- t ime programs f o r  s o l i d  rocket motors. We see a f i n i t e  r i s e  time 
which is con t ro l l ed  p r i n c i p a l l y  by t h e  va lue  of w 2  and g iven  very c l o s e l y  by 

tR = 2a/ w2 (41) 
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Fig.  4 Pressure- t ime program app l i ed  t o  t h e  i n n e r  c y l i n d r i c a l  s u r f a c e  of  t h e  
co re  

The fami ly  of  curves  r i s e s  t o  a maximum and t h e n . o s c i l l a t e s  about a quas i -  
s ta t ic  curve whose shape depends upon t h e  value of  t h e  r a t i o  w 2 /  w l .  I n  
Ref. ( 6 7 )  a va lue  of 1000 was used f o r  t h i s  r a t i o  and f o r  t h i s  va lue  t h e  os- 
c i l l a t i o n  is about  a curve  t h a t  is approximately p a r a l l e l  t o  t h e  dimensionless  
t i m e  a x i s  a t  least f o r  a s u b s t a n t i a l  pe r iod  of t ime.  
focused on t h e  immediate dynamic effects of t h e  p r e s s u r i z a t i o n  it mat te red  
l i t t l e  t h a t  t h e  p r e s s u r e  program dec reases  g radua l ly  f o r  long t imes .  
F o u r i e r  t ransform of t h e  p r e s s u r e  program is g iven  by 

Since a t t e n t i o n  was 

The 

This  t ransform is non-zero over  a l i m i t e d  frequency range only so t h a t ,  u l t i -  
mate ly ,  t h e  i n v e r s i o n  i n t e g r a l s  can also be eva lua ted  by numerical  methods. 

The s h e a r  s t o r a g e  and loss moduli used i n  t h e  i n v e s t i g a t i o n  were t h e  ac tu -  
These m a t e r i a l  p r o p e r t i e s  were in t roduced  a l l y  measured d a t a  shown i n  F igs .  5. 

i n t o  t h e  t ransformed s o l u t i o n  by express ing  t h e  s h e a r  s t o r a g e  modulus i n  t h e  
fo l lowing  form: 

2 2  * w T n  
2 2  G 1 ( w )  = Go + 1 Gn n = l  l + w r n  
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wherein Go,  GI,  G2, .... .. , G N ,  q, q,..  ....., T and N are a r b i t r a r y  c o n s t a n t s  
which must  be eva lua ted  such t h a t  Eq. (43a)  w i l l fS . i e ld  a good approximation t o  
t h e  shear  s t o r a g e  modulus shown i n  Fig.  5 ( a )  i n  t h e  frequency range of i n t e r e s t .  
Equation (43a)  is  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  f o r  t h e  s h e a r  s t o r a g e  modulus 
for  t h e  (2Nt1)-parameter Maxwell material. Thus, use of t h i s  express ion  impl i e s  
t h a t  w e  have i d e a l i z e d  t h e  s o l i d  p r o p e l l a n t  as a l i n e a r l y - v i s c o e l a s t i c ,  (2N+1)- 
parameter Maxwell material. It is clear i n  Eq. (43a)  t h a t  Go c o n s t i t u t e s  t h e  
s h e a r  s to rage  modulus a t  ze ro  frequency and,  on t h e  b a s i s  of e x t r a p o l a t i o n  of 
t h e  d a t a  of F i g .  3 ( a ) ,  t h e  va lue  s e l e c t e d  was 

G o  = 400 p s i  

The remaining parameters  i n  Eq. (43a)  were eva lua ted  by means o f  a method in-  
t roduced  by Schapery (68) wherein t h e  T n ' s  were a r b i t r a r i l y  a s s igned  and t h e  
G n ' s  eva lua ted  by so lv ing  a system of  N l i n e a r  a l g e b r a i c  equa t ions  ob ta ined  by 
t h e  c o l l o c a t i o n  method. Five c o l l o c a t i o n  p o i n t s  were used and t h e  r e s u l t i n g  
a n a l y t i c a l  express ion  agreed wi th  t h e  curve o f  Fig.  5 ( a )  t o  wi th in  t h e  width 
of a p e n c i l  l i n e .  
t h e  (2N+l)-parameter Maxwell material, which is a l s o  r e q u i r e d ,  is g iven  by 

The a n a l y t i c a l  express ion  for  t h e  s h e a r  l o s s  modulus f o r  

UT n 
2 2  

N 
GI1  (b)) = 1 Gn 

n = l  1 t W T  n 
(43b)  

I t  is c l e a r ,  t h e r e f o r e ,  t h a t  t h e  s h e a r  s t o r a g e  and l o s s  moduli are n o t  indepen- 
dent  s i n c e  t h e  unknown parameters  were eva lua ted  from s h e a r  s t o r a g e  modulus 
d a t a  and these  same parameters  a l low immediate c a l c u l a t i o n  of t h e  s h e a r  l o s s  
modulus by means o f  Eq. (43b) .  This  r e s u l t  is n o t  s u r p r i s i n g  and was recog- 
n ized  by Gross (69)  when he c a l c u l a t e d  t h e  fo l lowing  exact i n t e r - r e l a t i o n  be- 
tween these  two material p rope r ty  func t ions :  

As an i n t e r e s t i n g  experiment,  t h e  parameters  c a l c u l a t e d  by means of Schapery ' s  
method using Eq. (43a)  and t h e  s h e a r  s t o r a g e  modulus d a t a  o f  Fig.  5 ( a )  were 
used i n  Eq. (43b)  t o  c a l c u l a t e  t h e  s h e a r  loss  modulus. 
as a do t t ed  curve i n  Fig.  5 (b) .  We observe  a very  s u b s t a n t i a l  disagreement 
between t h i s  r e s u l t  and t h e  measured exper imenta l  d a t a .  
no t  been explained.  
Eq. (43b)  was used for  t h e  s h e a r  loss modulus. 

The r e s u l t s  are p l o t t e d  

This  d i screpancy  has  
Rather  t han  us ing  t h e  exper imenta l  d a t a  of F ig .  5 ( b ) ,  
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Fig.  5 ( b )  Dynamic s h e a r  loss tangent  as a func t ion  o f  frequency f o r  Hercules 
Powder Co. CYH s o l i d  p r o p e l l a n t  

Making use of t h e  transformed p res su re  program g iven  by Eq. (42) and t h e  

The inve r s ion  in -  
material p r o p e r t y  f u n c t i o n s  shown i n  Eqs. (43) t h e  transformed stresses and 
d i sp lacemen t s  i n  t h e  two-layered c y l i n d e r  were c a l c u l a t e d .  
t e g r a l s  were eva lua ted  numerical ly  with r e l a t i v e  ease s i n c e  they  were i n t e -  
g r a l s  o v e r  a f i n i t e  frequency range only.  
stress a t  t h e  i n t e r n a l  p e r f o r a t i o n  are shown i n  Figs .  6. 
some i n t e r e s t i n g  f e a t u r e s  t o  which w e  should draw a t t e n t i o n .  

The r e s u l t s  for  t h e  c i r c u m f e r e n t i a l  
These r e s u l t s  d i s p l a y  

F i r s t ,  w e  draw 
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t 

a t t e n t i o n  t o  t h e  small p e r t u r b a t i o n s  d isp layed  by a l l  s o l u t i o n s  f o r  t i m e  less 
than  zero  and f o r  time g r e a t e r  t han  ze ro  al though,  i n  t h e  l a t t e r  time regime, 
t hey  may be obscured by l a r g e r  o s c i l l a t i o n s .  
ca l cu la t ed  responses  are c l e a r l y  due t o  t h e  small p e r t u r b a t i o n s  p re sen t  i n  
t h e  p r e s s u r i z a t i o n  program. These small o s c i l l a t i o n s  can be ignored s i n c e  
ou r  i n t e r e s t  concerns t h e  g ross  responses  due t o  t h e  g ross  p re s su re  inc rease .  
Next, q u a s i - s t a t i c  s o l u t i o n s  corresponding t o  a l l  t r a n s i e n t  s o l u t i o n s  were 
obta ined  (and p l o t t e d  i n  Figs.  6 )  by t a k i n g  t h e  s p e c i f i c  weights  o f  bo th  case 
and g r a i n  equa l  t o  zero.  Now, w e  observe t h a t ,  f o r  t h e  l a r g e r  p e r f o r a t i o n  
(7.0-incher) t h e  c i r c u m f e r e n t i a l  stress a t  t h e  i n t e r n a l  p e r f o r a t i o n  is  
compressive d e s p i t e  t h e  fact  t h a t  t h e  accompanying c i r c u m f e r e n t i a l  s t r a i n s  
are t e n s i l e .  See Figs .  6 ( a ) .  
and was explained t h e r e i n .  
of completeness. 
of two components: 
o f  t h e  core  a g a i n s t  t h e  r e s t r a i n t  o f f e r e d  by t h e  case and a t e n s i l e  
component due t o  r a d i a l  growth o f  t h e  c o r e  under p r e s s u r i z a t i o n .  
co re  is s u f f i c i e n t l y  t h i n ,  such t h a t  t h e  case r e s t r a i n t  is  impor tan t ,  
t hen  t h e  compressive component i s  l a r g e r  t han  t h e  t e n s i l e  component and t h e  
r e s u l t i n g  c i r c u m f e r e n t i a l  stress is compressive even though t h e  c i r c u m f e r e n t i a l  
s t r a i n  is tensi le .  
It is  c l e a r  t h a t ,  wi th  t h e  appropr i a t e  combination o f  material p r o p e r t i e s  
and geometry, t h e  oppos i t e  could a l s o  be t r u e .  As a matter o f  fact ,  w e  
see from Fig. 6 ( b )  t h a t ,  f o r  a = 1.3 inches  and f o r  both r ise times, t h e  
c i r cumfe ren t i a l  stress a t  t h e  i n t e r n a l  p e r f o r a t i o n  and t h e  accompanying 
c i r cumfe ren t i a l  s t r a i n  are both t e n s i l e .  I t  seems obvious i n  t h i s  s i t u a t i o n  
t h a t  case res t ra in t  p l ays  t h e  subord ina te  r o l e .  

These p e r t u r b a t i o n s  of  t h e  

This  same effect  was noted i n  Reference (70)  
We summarize t h e  explana t ion  h e r e i n  for purposes  

The c i r c u m f e r e n t i a l  stress may be thought o f  as c o n s i s t i n g  
a h y d r o s t a t i c  compressive component due t o  t h e  compressioil 

If t h e  

This is  undoubtedly t h e  s i t u a t i o n  when a = 7.0 inches .  

Now, we observe t h a t  f o r  t h e  40 mi l l i s econd  r i se  time t h e  t r a n s i e n t  and 
q u a s i - s t a t i c  s o l u t i o n s  co inc ided ,  f o r  a l l  p r a c t i c a l  purposes ,  f o r  a l l  
times and i n  a l l  cases considered.  I t  seems clear t h a t  t h e  40 mi l l i s econd  
r i se  t i m e  is long compared t o  t h e  fundamental n a t u r a l  pe r iod  o f  t h e  
c y l i n d e r  and, under t h e s e  cond i t ions ,  t h e  t r a n s i e n t  and q u a s i - s t a t i c  
formulat ions o f  t h e  problem are equa l ly  v a l i d  t h u s  account ing f o r  t h e  good 
agreement. 
t r a n s i e n t  a t  small t imes  and f o r  t h e  l a r g e r  p e r f o r a t i o n .  
We a l s o  observe t h a t  t h e  t r a n s i e n t  does no t  occur  f o r  t h e  s h o r t e r  r ise 
time and f o r  t h e  smaller p e r f o r a t i o n .  There appear  t o  be two p o s s i b l e  
explana t ions  of t h i s  behavior.  
t h a t  t h e  e l a s t i c  cas ing  p l ays  a major r o l e .  The presence of t h i s  e l a s t i c  
s t o r a g e  element could account f o r  i n i t i a t i o n  o f  t h e  t r a n s i e n t  o s c i l l a t i o n  
and f o r  s u s t a i n i n g  it t h e r e a f t e r ,  
a l r eady  demonstrated t h a t  t h e  case  p l a y s  a subord ina te  r o l e  and s i n c e  t h e r e  
is  a l a c k  of t h e  e l a s t i c  s t o r a g e  element ,  t h e  t r a n s i e n t  o s c i l l a t i o n ,  if 
i n i t i a t e d  a t  a l l ,  would a t t e n u a t e  very r a p i d l y  as a consequence o f  t h e  
d i s s i p a t i v e  q u a l i t y  of t h e  core material which p l a y s  t h e  major role. 
is another  candida te  explana t ion .  I n  F ig .  6 ( a )  f o r  t h e  smaller r i s e  time 
w e  see t h a t  t h e  per iod  o f  t h e  t r a n s i e n t  o s c i l l a t i o n ,  which i s ,  of  course ,  
t h e  fundamental n a t u r a l  per iod  o f  t h e  composite c y l i n d e r ,  has  a va lue  o f  
about 4 or 5 mi l l i s econds .  

However, f o r , t h e  s h o r t e r  r i s e  time w e  observe a s u b s t a n t i a l  
See F igs .  6 ( a > .  

For t h e  l a r g e r  p e r f o r a t i o n  w e  have shown 

For t h e  smaller p e r f o r a t i o n  we have 

There 

Thus, s i n c e  t h e  r i se  time very  n e a r l y  co inc ides  
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with t h e  n a t u r a l  pe r iod  of t h e  c y l i n d e r ,  w e  expect t o  e x c i t e  a s u b s t a n t i a l  
o s c i l l a t i o n  which w i l l  r a p i d l y  a t t e n u a t e .  
n a t u r a l  pe r iod  chanees and t h e  rise t ime no longe r  co inc ides  and we d o h o t  
expect t o  see a l a r g e  t r a n s i e n t  o s c i l l a t i o n .  
ex tens ive  s tudy ,  t o  choose between t h e s e  exp lana t ions  al though w e  do f a v o r  t h e  
lat ter.  
f u r t h e r  d i s s c u s s i o n  bu t  w e  f ee l  t h a t  w e  have drawn a t t e n t i o n  t o  t h e  s a l i e n t  
features. 

For t h e  smaller p e r f o r a t i o n ,  t h e  

It i s  d i f f i c u l t ,  wi thout  

There are, undoubtedly o t h e r  f e a t u r e s  o f  t h e s e  r e s u l t s  t h a t  bea r  

Achenbach (71 ,  72) has  r e c e n t l y  completed t w o  i n v e s t i g a t i o n s  of g e n e r a l  
import. 
incompressible ,  e las t ic  g r a i n  wi th  an a b l a t i n g  c i r c u l a r  p o r t  case-bonded t o  a 
t h i n ,  e las t ic  case. 
g r a i n ,  it is d i scussed  he re  because o f  i t s  c l o s e  r e l a t i o n s h i p  with t h e  
second study. 
t i m e  is app l i ed  and an approximate s o l u t i o n  obtained by a s p p t o t i c  i n t e g r a t i o n  
of t h e  equat ion of motion. 
pe r iod  o f  t h e  v i b r a t o r y  response bu t  no t  t h e  amplitude t h e r e o f .  
second i n v e s t i g a t i o n ,  Ref, (721, t h e  dynamic response i s  c a l c u l a t e d  i n  an 
i n f i n i t e l y - l o n g ,  composite c y l i n d e r  c o n s i s t i n g  of a thich-walled c y l i n d e r  of 
an incompressible ,  v i s c o e l a s t i c  material case-bonded t o  a t h i n  e l a s t i c  s h e l l .  
Two dynamic load ings  are t r e a t e d :  a t i m e  s t e p  i n  i n t e r n a l  p re s su re  and a time 
s t e p  i n  e x t e r n a l  p r e s s u r e ,  
i n o p e r a t i v e  motor i n  a missile launching s i lo .  
numerial  r e s u l t s  p l o t t e d  and d i scussed  f o r  a g r a i n  o f  a s t anda rd ,  l i n e a r  
s o l i d  ( three-parameter  Maxwell material ,)  
when measured d a t a  is used f o r  t h e  g r a i n  shear modulus. 

The first o f  t h e s e  concerns t h e  t r a n s i e n t ,  dynamic response o f  an 

Despi te  t h e  fact  t h a t  t h i s  s tudy concerns an e las t ic  

An i n t e r n a l  p re s su re  program i n  t h e  form o f  a s t e p  f u n c t i o n  i n  

I t  is demonstrated t h a t  burning time affects  t h e  
I n  t h e  

The l a t t e r  loading cond i t ion  is app l i ed  t o  an 
The problem is  so lved ,  

The manner of s o l u t i o n  i s  discussed 

We can judge by t h e  c h a r a c t e r  o f  t h e s e  l as t  few references t h a t  a g r e a t  
d e a l  has been accomplished concerning t r a n s i e n t ,  dynamic responses  i n  
v i s c o e l a s t i c  g r a i n s ,  However, a d d i t i o n a l  e f f o r t  is r equ i r ed  t o  p e r f e c t  and 
s i m p l i f y  t h e  a p p l i c a t i o n  of t h e  approximate methods for performing F o u r i e r  
t ransforms and i n v e r s i o n s ,  
dynamic problems usinp, as inpu t  measured pressure programs and material 
p rope r ty  f u n c t i o n s .  

Then w e  can look forward t o  s o l v i n g  many t r a n s i e n t  

A g r e a t  d e a l  has been achieved i n  t h e  s o l u t i o n  o f  g e n e r a l  wave propagation 
See,  f o r  example, References ( 8 1, (73 1 - 

This  l i s t  of references i s  by no means complete no r  is it  a l i s t i n g  o f  
problems i n  l i n e a r  v i s c o e l a s t i c i t y .  
(91 ) .  
t h e  more important  papers.  Despite t h e  f a c t  t h a t  so much effort  has  been 
expended i n  i n v e s t i g a t i n g  t h i s  g e n e r a l  problem, thereby t e s t i f y i n g  t o  i t s  
importance,  I was unable t o  l o c a t e  a s i n g l e  r e f e r e n c e  involving a s o l u t i o n  of 
d i r e c t  a p p l i c a b i l i t y  t o  s o l i d  p r o p e l l a n t  rocke t  motors. It seems ev iden t  
t h e r e f o r e ,  t h a t  a cons ide rab le  e f f o r t  is r equ i r ed  t o  e l u c i d a t e  t h o s e  
environments t h a t  g i v e  r i s e  t o  wave propagation problems and i n  s o l v i n g  t h e  
problems posed. 
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CON CLUSI ON 

Ne have completed a survey of dynamic problems i n  s o l i d  p r o p e l l a n t  
rocket  motors. At ten t ion  was r e s t r i c t e d  t o  l i n e a r  a n a l y s i s  of e las t ic  
and v i s c o e l a s t i c  g ra ins .  
be a b i b l i o g r a p h i c a l  s tudy  b u t  r a t h e r  a p r e s e n t a t i o n  of progress  i n  t h e  
f i e l d  i n  an a t tempt  t o  e s t a b l i s h  the  cu r ren t  s t a t e -o f - the -a r t .  Many 
important r e l a t e d  areas have been omi t ted  i n  t h e  i n t e r e s t s  of  conserva t ion  
of  time and space.  Consider,  f o r  example, n o n l i n e a r  dynamic groblems, 
shock problems, coupled thermo-mechanical problems, a c o u s t i c  i n s t a b i l i t y  
problems, and exper imenta l  measurement of p rope l l an t  p r o p e r t i e s .  E f fo r t  
should be  cont inued and expanded i n  t h e s e  important  a r eas  among o the r s .  
ide have accomplished a g r e a t  d e a l  with regard  t o  t h e  dynamic problems of 
s o l i d  p rope l l an t  rocke t  motors,  however, a d d i t i o n a l  e f f o r t  is  a b s o l u t e l y  
e s s e n t i a l  t o  extend the  goa ls  t h a t  w e  have a l ready  reached. 

I t  was n o t  in tended  t h a t  t h i s  survey should  

40 



4J rJ, ,X 

C 
C 

C 
S 

K 

n 

Jns 'n 

NOT AT1 ON 

r a d i a l ,  c i r cumfe ren t i  1 and a x i a l  coordinate  v a r i a b l e s  
o f  p o l a r ,  c y l i n d r i c a l  coord ina te  system 

time 

mass d e n s i t y  

s h e a r  modulus 

r a d i a l ,  c i r c u m f e r e n t i a l  and a x i a l  components of 
c7 i s p  l a  cement 

d U r  + ur + 1 due + 3u 
~r F T S ?  - c u b i c a l  d i l a t a t i o n  = 

& + 1  a + 1  & +  Lzplacian d i f f e r e n t i a l  o p e r a t o r  = -- - 
ar2 r 3r r 2  de2 

d i s p  lacsment p o t e n t i a l  func t ions  

1/2 d i l a t a t i o n a l  wave v e l o c i t y  = (G/plc2) 

s h e a r  wave v e l o c i t y  = ( G / p )  1 / 2  

ra t io  of shear wave v e l o c i t y  t o  t h e  d i l a t a t i o n a l  
wave v e l o c i t y  

r a d i a l  * c i r c u m f e r e n t i a l  a d  a x i a l  coDnponents of 
normal stress 

s h e a r  s t r e s s  components 

Lame's second e las t ic  cons t an t  = 2Gv/(1-2v) ; 
dinens i on l e  ss c i r c u l a r  f requen cy c o e f f i c i e n t  

r a d i i  

c i r c u l a r  frequency and c i r c u l m  frequency c o e f f i c i e n t ,  
resp.  

mode numter 

Bessel f u n c t i o n s  of t h e  first and second k inds ,  r e s p . ,  
and of t h e  n - th  order  

41 



i 

Primes over  a v a r i a b l e  denote ordinary d e r i v a t i v e s  of t h e  v a r i a b l e  with 
r e spec t  t o  i t s  argument; e.g., f ' ( r )  = ( d / d r ) f ( r )  
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